
Partial Di�erential EquationsFinal ExamDe
ember 11, 20081. (a) Fix x0 2 Rn with n � 2 and set R = |x0|. Show that
h(x) =

|x|2 − R2

|x − x0|n
+ R2−nis a harmoni
 fun
tion on Rn \ {x0} and that h(0) = 0.(b) Kuran's theorem. Let U � Rn be an open, bounded, and 
onne
ted set whi
h
ontains the origin. Suppose that

∫

U

u(x) dx = u(0)for every fun
tion u whi
h is harmoni
 on U. Prove that U must be a ball
entered at the origin.Hint: Use the fun
tion from (a) with a 
lever 
hoi
e of R and x0 to test themean value property. (10+10)2. Let U � Rn be open and bounded and �x T > 0. Re
all the de�nition of the paraboli

ylinder
UT � U� (0, T ]and the paraboli
 boundary
ΓT � UT \ UT .Show that there exists at most one solution u 2 C2

1
(UT) to the rea
tion di�usionequation

ut = ∆u − u2 in UT ,

u = g on ΓT . (10)1



3. (a) Show that the solution to the wave equation
utt − uxx = 0 in R � (0, ∞) ,

u = g on R � {t = 0} ,

ut = h on R � {t = 0}for g 2 C2 and h 2 C1 is given by
u(x, t) =

g(x + t) + g(x − t)

2
+

1

2

∫
x+t

x−t

h(y) dy .What is the speed of propagation?(b) Let U = [a, b] and de�ne UT and ΓT as in Question 2.Show that u 2 C2(UT) solves the wave equation in UT if and only if
u(x − ξ, t − τ) + u(x + ξ, t + τ) = u(x + τ, t + ξ) + u(x − τ, t − ξ)for all ξ, τ � 0 su
h that the fun
tion arguments are 
ontained in UT.Hint: The \only if" part is diÆ
ult. One way of proving it starts from thefa
torization of the wave equation utt − uxx = (∂t − ∂x)(∂t + ∂x)u = 0 used in
lass for the 
onstru
tive derivation of the solution formula from (a).(
) Prove the existen
e of a solution to the initial-boundary value problem

utt − uxx = 0 in UT ,

u = g on ΓT ,

ut = h on U� {t = 0} .Hint: No 
omputations are ne
essary. Think about how to 
onstru
t the solu-tions using (a) and (b) on di�erent segments of the x-t plane:
t

x

CB

D

A

ba (10+10+10)2



4. Let u be a weak solution of Burgers' equation
ut + u ux = 0 in R � [0, ∞) ,

u = g on R � {t = 0} ,where g is a smooth bounded fun
tion all of whose derivatives go to zero as |x| → ∞.Show that the 
hara
teristi
 
urve whi
h �rst runs into a sho
k is one whi
h originatesfrom a point of in
e
tion of g at time t = 0.Hint: Find an equation for ux along a 
hara
teristi
 line. A sho
k is 
hara
terizedby |ux| → ∞. (10)5. Let U � Rn be an open set with suÆ
iently smooth boundary, and u : U → R asmooth fun
tion with u = 0 on ∂U.Show that
∫

U

|Du|2 dx �  ∫

U

|u|2 dx

!1

2
 ∫

U

|∆u|2 dx

!1

2

. (10)
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