
Real Analysis

Midterm Exam

October 22, 2008

1. Let (Ω,Σ, µ) be a measure space and E 2 Σ. Show that

µE(A) = µ(A \ E) for all A 2 Σ

de�nes a measure. (10)

2. Show that a monotonic function on R is Borel-measurable. (10)

3. Let (Ω,Σ, µ) be a measure space and f : Ω → [0,∞] a measurable function. Show

that, for 0 < p < ∞,∫
Ω

fp dµ = p

∫∞
0

tp−1 µ({x 2 Ω : f(x) > t})dt .

(10)

4. Theorem on di�erentiation under the integral.

Let (Ω,Σ, µ) be a measure space and let I � R open. Suppose that f : Ω � I → R

satis�es

(i) f(�, t) is measurable for every �xed t 2 I;

(ii) f(x, �) is di�erentiable for almost every �xed x 2 Ω;

(iii) |∂f(x, t)/∂t| � g(x) for some g 2 L1(Ω).

Then
d

dt

∫
Ω

f(x, t)dµ(x) =

∫
Ω

∂f(x, t)

∂t
dµ(x)

for every t 2 I.

(a) Prove the theorem.
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(b) Let

I(t) =

∫∞
0

sin x

x
e−tx dx .

Verify that you may di�erentiate under the integral, then compute I 0(t).

(c) Use the result from (b) to show that the improper integral∫∞
0

sin x

x
dx = arctan(∞) =

π

2
.

(10+10+10)

5. Let (Ω,Σ, µ) be a �nite measure space.

Show that for 1 � p � r � ∞, Lp(Ω) � Lr(Ω). (10)

6. Let (Ω,Σ, µ) be a measure space, 1 < p � ∞ and 1/p+ 1/q = 1. Let ` 2 Lp(Ω)� be

represented by a function g 2 Lq(Ω) in the sense that

`(f) =

∫
Ω

f gdµ

for every f 2 Lp(Ω). Show that

k`kLp(Ω)� = kgkLq(Ω) .

(10)

7. (a) Find a sequence of bounded, Lebesgue-measurable sets in R whose characteristic

functions converge weakly in L2(R) to a function f with the property that 2f is

a characteristic function of a set with positive measure.

Note: Full credit if you verify that your example has the requested properties

on some (nontrivial) subspace of L2.

(b) How about the possibility that f/2 is a characteristic function?

(10+10)
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