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Fig. 955 Graphofthe population
function in Eq. (12). It is apparent
that P(r) — 100 as # — +c. Thus
everyone eventually hears the
rumor. Can you verify this directly
by taking the limit in Eg. (12) as
- +x?

9.5 PROBLEMS

Techniques of Integration
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We readily solve this last equation for the solution

100e (0.04)¢

P (t) = 1 + g0 (12)

Hence the number of people who have heard the rumor after 30 days is
P(30) =~ 76 .85 thousand people. See Fig. 9.5.5.

The method of Example 7 can be used to solve any differential equation of
the form

dx

dt a3

k(x = a)(x — b),

where a, b, and k are constants. As Problems 63 through 68 indicate, this differential
equation serves as a mathematical model for a wide variety of natural phenomena.
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[ 1 inh g
| == SMY 9= [1d6 =6+ C=cosh'x + C.
Vii—1 sinh §

The two results appear to differ, but Eq. (35) in Section 8.5 shows that they are

equivalent.
9.6 PROBLEMS
Use trigonometric substitutions. to evaluate the integrals in Use hyperbolic substitutions to evaluate the integrals in
Problems 1 through 36. Problems 37 through 41.
1 ———
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Vi + 25 of Fig. 9.6.7 is given by A = wab. (The special case b = a

V1 — 4x2 1 is the familiar circular area formula A = wa’.)
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Fig. 9.6.7 The ellipse of
1 Problem 42

J 1 43. Derive the formula A = }4%6 for the area of a circular
(4x* + 9 sector with radius @ and central angle 0 by calculating and
' adding the areas of the right triangle OAC and the region

f(9 + 16x7P7 dx ABC of Fig. 9.6.8.
—— / — 44. Compute the arc length of the parabola y = x? over the
x> =125 e 30 j Vox- —16 dx interval [0, 1].

29. .
x X 45. Compute the area of the surface obtained by revolving
31 f VAT dx 3 x* e around the x-axis the parabolic arc of Problem 44.
: T Va9 46. Show that the length of one arch of the sine curve
1 1 y = sinx is equal to half the circumference of the ellipse
33, f G =1 dx M| dx x? +1y? = 1. (Suggestion: Substitute x = cos @ into the
* x*Viax =9 arc-length integral for the ellipse.) See Fig. 9.6.9.

35, J 2 dx 36. J (4x? — 5)¥* dx 47. Qompute the arc length of the curve y = Inx over the
interval [1, 2].
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Fig. 9.7.1 The reference triangle
for Example 4.

9.7 PROBLEMS
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In the last step we read the values of sec# and tan from the right triangle in
Fig. 9.7.1. When we substitute Eq. (2) into Eq. (1), we finally obtain the result

f 2+ 6x di = x+2 —L—l-l
V (B+2x—xH) " 3+2k—x2 2™

x+1
V3 + 2x — x?

The method of Example 4 can be used to evaluate a general integral of the form

Ax + B
f @+ bx oy ®)

+ C.

where 7 is a positive integer. By splitting such an integral into two simpler ones and
then completing the square in the quadratic expression in the denominator, the
problem of evaluating the integral in Eq. (3) can be reduced to that of computing

1
f m die. @)

If the sign in the denominator of Eq. (4) is the plus sign, then the substitution
u = g tan ¢ transforms the integral into the form

f cos™ 8 do

(see Problem 35). This integral can be handled by the methods of Section 9.4 or by
using the reduction formula

. 1 . k—1 .
Jcos“edﬁ =Zcos"*‘*é}sm6 +T cos* 20 do

of Problem 54 in Section 9.3.
If the sign of the denominator in Eq. (4) is the minus sign, then the substitution
it = a sin § transforms the integral into the form

J sec” 6 do

(see Problem 36). This integral may be evaluated with the aid of the reduction
formula

5 k-2 .
k_lseck‘ﬁtane +m sec* 2@ de

f seck 9 dg =

[Eq. (5) of Section 9.3].

Evaluate the antiderivatives in Problems 1 through 34.
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Integrals Containing Quadratic Polynomials

3x+ 2 3 =
9.f47+4x_3dx 10, | Vdx® +4x — 3 dx
11.] dx 12, f———l————d_x
l +4Y+13 Voy — x2
(3 -‘ . + - “ C
13 f3+7\_t2d\ 14[\;8 2x — x? dx
2x =35 [ -1
15. 16, | ———— dx
Dfx v +2 6J4~ yrEE
17.f dx
V5 + 12x — 9x2
18. f (3x — 2)Vox? + 12x + 8 dx
19. j(7 — 20)V9 + 16x — 412 dx
Vx2+2x+5
x+4 x—1
2L | o 2. > dx
1. G- o" dx 2 f(ll{_l)iah
2x + 3 x3
23 | s dx 24 ;
S @ v s & 2 j s
3x—1 3x -1
w P ow e
1 - 2372
27. J(\ — 4y dx 28. j(x x 2P ax
+ +
29.{—:)1—,—]——51;: 30.[’5 2
x>+ x +x 1)
22+ 3 ¥+ 4
3. f“—_md 32 f(x e
3x+1 x° - 2x
33. i3 dx 34. f.?—*_2+zx+2 dx

35. Show that the substitution # = a tan § gives

1 = 1 -2
f @+ 2 du = az,lwlfcos 6 de.

36. Show that the substitution # = asin § gives

fsecz’"lﬁ a8.

1 1
(HZ _ uZ)n du = aZn-l

In Problems 37 through 39, the region R lies between the curve
y=1/(x* — 2x + 5) and'the x-axis fromx = 0tox = 5.

37. Find the area of the region R.

38. Find the volume of the solid generated by revolving R
around the y-axis.

39. Find the volume of the solid generated by revolving R
around the x-axis.

In Problems 40 through 42 the region R lies between the curve

y'= 1/(4x? — 20x + 29) and the x-axis fromx = 1 tox = 4.

40. Find the area of the region R.
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41, Find the volume of the solid generated by revolving R
around the y-axis.

42, Find the volume of the solid generated by revolving R

around the x-axis.

Your task is to build a road that joins the points (0, 0)

and (3, 2) and follows the path of the circle with equa-

tion {4v + 4)? + (4y — 19)° = 377. Find the length of
this road. (Units on the coordinate axes are measured in
miles.)

44. Suppose that the road of Problem 43 costs 10/(1 + x) mil-
lion dollars per mile. (a) Calculate its total cost. (b) With
the same cost per miile, calculate the total cost of a straight
line road from (0, 0) to (3, 2). You should find that it is
more expensive than the longer circular road!

43,

In Problems 45 through 47, factor the denominator by first
noting by inspection a root r of the denominator and then
employing long division by x — r. Finally, use the method of
partial fractions to aid in finding the indicated antiderivative.

45 [ 3x 42 )
Jx -i-x'—Zdl

|5

j ot 2x7
47, | ——— dx
x° -1 x

a) Find constants g and b such that
4

+1=0E+ax+ U(x*+bx + 1).

(b) Prove that

1 4
f x*+1 de= T
o X F1 T NG
(Suggestion: If 1 and v are positive numbers and uv = 1,
then arctanu + arctanv = 1)

49. Factor x* + x? + 1 with the aid of ideas suggested in
Problem 48. Then evaluate

2% + 3x
i, 3 . 4 dx.
xT+x"+1

50. Evaluate the integral to show that

1

16{x — 1

f y (3 ) dx = .
o XT—2x7 +4x — 4

This integral was (in effect) used by D. Bailey, P.
Borwein, and S. Plouffe as a starting point in their recent
determination of the 5 billionth hexagesimal digit of the
number 7 (it’s a 9). (Suggestion: Long divide to verify
that x? — 2 is a factor of the denominator and to find the
other factor.)

In Problems 51 through 54, write the general form of a partial
fraction decomposition of the given rational function f(x) (with
coefficients A. B, C, ... remaining to be determined). Then use a
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W = f CMm .
R

R

So the work required to move the mass 1 “infinitely far” from the planet is

JZ Gﬁ/{m dx = Tim [_GMm ]’ _ GMm.
< R R

F—x

W= lim W, =

F—x R ) X

Suppose that the mass is projected with initial velocity » straight upward from the
planet’s surface, as in Jules Verne’s novel From the Earth to the Moon (1865), in which
a spacecraft was fired from an immense cannon. Then the initial kinetic energy 3l is

available to supply this work—by conversion into potential energy. From the equation

1 . GMm
5 YT = PR
we find that
. j26M
v = \( R .

Substitution of appropriate numerical values for the constants G, M, and R yields
the value v =~ 11175 mi/s (about 25000 mi/h) for the escape velocity from the earth.

*Present Value of a Perpetuity

Consider a perpetual annuity, under which you and your heirs (and theirs, ad infini-
tum) will be paid A dollars annually. The question we pose is this: What is the fair
market value of such an annuity? What should you pay to purchase it?

If the annual interest rate r is continuously compounded, then a dollar deposit-
ed in a savings account would grow to ¢’ dollars in ¢ years. Hence ™' dollars
deposited now would yield $1 after ¢ years. Consequently, the present value of the
amount you (and your heirs) will receive between time ¢ = 0 (the present) and time
1= 17> 0is defined to be

.
Pr= f Ae™H dr.
s}
Hence the total present value of the perpetual annuity is

= T
P=1lm P, = f Ae”"dr = lim [—ée"”} = é

T o Ts= F o i
Thus A = rP. For instance, at an annual interest rate of 8% (r = 0.08), you should be
able to purchase for P = ($50000)/(0.08) = $625,000 a perpetuity that pays you (and
your heirs) an annual sum of $30000 forever.

Determine whether the improper integrals in Problems 1

through: 38 converge. Evaluate those that do converge.
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- 37. f — dx 38. f e " cosx dx
o X 0

In Problems 39 through 42, the given integral is improper
both because the interval of integration is unbounded and
because the integrand is unbounded near zero. Investigate its
convergence by expressing it as a sum of two integrals—one
from 0 to 1, the other from 1 to «. Evaluate those integrals
that converge.

In Problems 43 through 46, find all real number values of k for
which the given improper integral converges. Evaluate the
integral for those values of &.

1 =
1 1
43. — dx 44, f c dx
g X 1 X
1 = 1
45. f xFlnx dx 46. f ——— dx
0 1 x(Inx)
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47. Beginning with the definition of the gamma function in
Eq. (7). integrate by parts to show that

T{x + 1) = 2T (x)

for every positive real number x.

48. Explain how to apply the result of Problem 47  times in
succession to show that if n is a positive integer, then
Tn+1) =) = nt.

Problems 49 through 51 deal with Gabriel’s horn, the surface

obtained by revolving the curve y = 1/x, x = 1, around the

x-axis (Fig. 9.8.12).

49. Show that the area under the curve v=1/x,x=1, 1is
infinite.

50. Show that the volume of revolution enclosed by Gabriel’s
horn is finite, and compute it.

51. Show that the surface area of Gabriel's horn is infinite.
(Suggestion: Let A, denote the surface area fromx = 1 to
x =t> 1.Provethat A > 27 Inr.) In any case, the impli-
cation is that we could fill Gabriel’s horn with a finite
amount of paint (Problem 50), but no finite amount suf-
fices to paint its surface.

et

Fig. 9.8.12 Gabriel’s horn (Problems 49 through 51)

52, Show that

diverges, but that

Hm | = dx = 7.
== )1+ X2 !

-
53, Use the substitution x =e® and the fact that
T(n + 1) = n! (Problem 48) to prove that if m and 7 are
fixed but arbitrary positive integers, then




