1. Let U C R™ be open and bounded, and suppose that u € C?(U) N C'(U) solves

Au=Au inU,
u=20 on ol

for some A > 0. Show that u = 0.

(In other words, show that the the eigenvalues of the Dirichlet Laplacian are strictly
negative.)

Hint: Energy methods. (10)
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2. Let U C K™ be open and bounded, and suppose that w € C2(U)n C'(U) is harmonic.

Show that if u has a zero in U, then u has a zero on oU. (10)
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3. Let U=(0,1) x R*.
(a) Show that for every u € C!(U) with u =0 on {x; =0} x R™,

iz < V2 {[Dulfzy -

Hint: Apply the fundamental theorem of calculus to v = u?,

(b) Suppose b is a smooth divergence-free vector field on U, i.e., D-b =0. Let u
be a smooth solution to the advection-diffusion equation

u, +b-Du=Au in U x (0, 00),
u=20 on oU x [0, 00},
u=g on U x {t =0}.

Use the result from part (a) to show that the energy ||u||f,,, decays exponen-
tially in time.

(c) Comment on the decay rate you observe in part (b) in relation to (i) estimates
on the decay rate of the heat equation without advection and (ii) estimates on
the decay rate for the heat equation on other domains you have encountered
during this class.
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4. Consider Burgers’ equation
u+uu, =0 in R x (0, 00),
u=g on R x {t =0},

where g is smooth and compactly supported. Find an expression for the first time

of shock formation via the following sequence of steps."

(a) Write out a partial differential equation for v = wu,.

(b) Set
&(t) = argminv(x, t)
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and show that w(t) = v(&(t), 1) satisfies an ordinary differential equation.
(c) Solve this ordinary differential equation and deduce the time of shock formation

from its solution.
(5+5-+10)
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5. Recall that the Hopf~Lax solution to a Hamilton-Jacobi equation with Lagrangian
L and initial condition g is given by

u(x, 1) = min{4 g_("%‘i> +g)}.

yeRrn"

Show that when g is Lipshitz with constant )\ ie., if
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for all x,y € R™, then u is Lipshitz with respect to x with the same constant L. (10)
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6. In a simple model for traffic low along a one-way one-lane road, drivers will choose
a velocity v that depends only on the traffic density p via

vip)=T1-p
(So the speed limit is normalized to v = 1 and the maximal density is p = 1 which

corresponds to bumper-to-bumper traffic at stand-still.)
Then the flux of cars is given by

F(p) = pv(p)

and the car density follows the scalar conservation law

p1 +F(p)x =0.

(a) Explain that this conservation law expresses that the number of cars in any

segment of road can change only via cars driving in at one end and leaving at
the other.

(b) If the car density at time t = 0 is given by p = g, show that, in the absence of
shocks, the traffic density is given by an expression of the form

p(x,1) = g(x —ct)
and write out an expression for the wave speed c.

(c) Show that the wave speed c can never exceed the driving velocity v. State a
physical reason why this result must be true.

(d) Find the entropy solution to the “green light problem” where

1 forx<0

0 forx>0.
(e) Find the entropy solution to the “traffic jam problem” where traffic at maximal
capacity hits upon a jammed up road. Specifically, take

o) {% for x <0
X =

1 forx>0.

g(x)

Hint: If you don’t remember the Rankine-Hugoniot condition, it is easy to
derive it in this case by common sense.
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