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Subspaces
motivatedby lines planes 1throughtheorigin in1123 and results
from AnalysisGgpunsofcont fat s are cont

D A subset Wc is called a subspace if Wis avector

space w r t theinducedoperations ie thesameaddition

and scalarmalt as in V

non empty subset Wcw is a subspace

s W is closed w r t theinduced operations

Proofi clear
e w e W O w O E W
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Scalar

w e W 3 C l l w W E W

rest follows be it holds ou V

note neutral element Or of equalsneutralelement Onof W

Proofi w EW s w Ow w we

if ur theinverseof win V then weget w Ow w wtQ Y

OutOw Q tOv

Ow Or



let we W then inv ww in W equals inv up in V

Foot W Ww O w w

7 w Ww Wu W Wu Wu

Ww Wr

E 10 721 3 c1123 is a subspace

Xi ti X E1123 Xz X 13 3 5 isnot a subspace

space of cont fats is a subspaceof spaceof all fat s

I 3 SpanBasis Dimension
mmmm

motivation

two vectors 4 y EIR with Y F C K for c c IN span a
unique plane through0

thenallvectorsinplane canbewritten as W C Kt c K
c ca EIR

allplanes through 0 can bewritten as c Xtc y 152 0

for non Zero G i Cz C3
De let V be a vectorspace over some field F

Then c Y t Ckvu Eh CiVi for Ci EF Vi e V i k
is called a linearcombination



De For any subset SCV we def

spau s all linearcombinations Ci si with CiEF si es

i k k k C TV

note for any subset S e V span s is a subspace HW

spauls is the smallest subspace i e span s M W IHW
Wc subspace

if We V is asubspace then span w W
and saw

De A subset Sev s t spanCSI V is called a

generating set or a spanningset

Det A minimal generating set is called abasisof V
minimal means no element canberemoved

De A subset Sc V is called linearlyindependent if IIcis 0

for Ci EF si e S always implies Ci 0 Hi I k

otherwise it's called linearly dependent



theorem let V be a vectorspace over a field F and Ee V a
subset Then the following are equivalent

11 E is a basis of V

2 E is a maximal linearly independent set

3 every ve can uniquely bewritten as V II.ciei for
C i EF Ci E E i I k KEN

Proofi
l 27 We suppose E is abasisof V

Assume E is linearly dependent Then I ca CyEF e euE E

s f EtCie i O and c t O

e Ej ei El e is a generatingset

contradiction to E is a basis aminimal generatingset
3 E is linearlyindependent

Maximal Choose VEE can E v u be linearlyindep

Since E is generating u Eiei ei for some c i EF eie E ie l k KEN
7 7 v t EtiC c e O 3 Eu Er is liu dep
E is maximal liu indep set



21 3 Wesuppose E is max liu indepset

choose ve if ve E we aredone so suppose E

Then Ev Ev is liu dep i e F c c ca ca EF and et l ieu.EE
s t c V t II c i e i 0 andnot all ci O
3 V Ei e 1C to otherwise E wouldn'tbetinindep

Uniqueness

suppose I e i eu.EE a ca EF da du E F sechthat

Et cie i die i
Ici di le i O

Ci D Viet k since E is linearly indep

3 l We supposeany VEV canbeuniquelywritten as Eiciei

Then clearly E is a generatingsubsetofV Is it alsominimal

Assure E notminimal
Then f ee E s t El Ee is a generatingsubset

F e er E E c ca E F s t e EtCie i
Thus e can bewritten in twoways TT
s contradiction touniquerepresentation E minimal 0


