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Dualmapi sometimes f W V't
let f V W belinear Their dualmap f W V isdef.by

f fw v w fly the V
EF EF

later innerproducts eg onHilbertspaces cf w vs cut f vs

E considerderivative D Toll1121 717111121 php
dualmap D fw p Dp _w Cp

e g.in Cp7 Spcxldx sD fu llp7 w fpY ptHdx pll7 p1o

Th Dual mapis linear andunique

Proof uniqueness let f if bedualmapsto f

f Cu u _w flu _f w Ku

ffekf.tt fw 1l4 0 VveV

sCfF fz 7Cu O 7f fz

f indeedmapsto V fix w ew w ffH as fat of v

linear i.e EV since wttfflaytc.nl c w fl41tczw flvz
linearityof f w



f is linear since f law auf r c f fu Itcz f fu
9

bydeftliu of u m D

kernel andimage of linearmaps i

De let f V 7W be linear Then
a kernel or null space is kerf ve V f14 0 c V

image ou range is in f we W F ve Vaith f H w cW

note kerf andimf are actually subspace HW

E differentiation D PocCTR Pol11121

her D gIH at Keef

imD Pol IR

backwardshift 13 Fb Fo

KerB Ic 0,0 CEF

imB to

6mm let f E to N w Then f injective kerf 03

Roots take ve kerf
flu O f o 7 to since f injective
vetkerf

linear



suppose v ya EV with flu I fly
s fly flirt f ly rel O y y C kerf
3 4 4 sincekerf O D

Thi l Fundamental Thu of linearMaps RankNullityThin

let fefolkwl with V finite dimensional Then
dimV dim int t diu kerf

tank f nullityLfl

PwoI note dim kerf co i since dimVcrs and kerf subspaceofV

choosebasis y um of kerf extendit to abasis

y von rue rn of V where u in

claim flume I flat is abasis of imf thiswouldprovethem

Does flu few generate imf
f Eicivil EinCif kit Yes

Is flume I fly linear independent

let E Ci fCri1 0

f Ewcivil O Ein civic kerf



writeit as EunCiVi II Ciri
s all Ci 0 since y un is basisof D

corollary let fedly w dimVcrs They

f injective s dim f dim imf

Proofy clear since finj kerf O dimkerf O

Corollaries let f e 14 w dim f dim Wcw Then

f isomorphism a kerf 03 s imf W

Pwof clear kerf O dimimf dimV dimW in f w

Cinf sbspace

of bijective

E recall c V s V with et v f flu Hfe V

given UFO thereisalways CEV s t f 1470

here O E is an isomorphism

let f E f f fu Fm consider f Xi xn 0

homogeneous systemof linear eof s
let u m more variablesthaneq s



Arethere more solution than Cx in1 19 101

1 e is kerf Eo or not

from tha dimkerf dimV dim in f
y Cdimw m

Z n m O

there are always non zero solutions


