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I 9 The Structureof linear Operators in Finite Dimension
t t

murmur
For thischapter 4M are finitedim vectorspaces f

Goal understandstatueof Linmaps M eg Ci It Me
or Is therea basis s t matrix ofbinmap hasa particularlysimpleform

when 4M are unrelated freedominbasischoicemakesquestioneasy nextthou

moreinteresting f L andconsideronlyone basis in L

Easypart

Thin let f e 14M Thenthere are Tc Land M cM suchthat
yI kerf L M imf M and f L imf I ft is an isomorphism

Also thereare bases of LandMsuchthat thematrix Af of f is
Er

Af o Er idr rxr identitymatrixwith r diminf rankf

Af soiiffeKii
e

Proof suchthat L kerf I and NT s t M imf M exist duew
it

to projector them see I 6 orbychoosingandextendingbasisofimf

I A E fli isclearlyinjective kerf n I 03 sokerf o






































































































































I isalso clearlysurjective ai
in c imf f let in e tote in fHotel fl e ICE1

s F is an isomorphism

let r dimE dimm choosebasis e er er i en of L
basisof L basisofkerf

f le l fler basisof NT extendit tobasisof M 0

note thismeans any mxu matrix canbebroughtintoform f bybasis

change i e F invertible non singular matricesB C s t 8 BAE

see I 5

now f e folLl 144

af af af
want L L Lz Lu theneach fly is easiertohandle
mostsimpleand also typicalcase dim4 1 then f is called diagonalizable

Terminology

Def let 5cL beasubspace f e fl Ll

I is called invariant if f E c E I Ee i f IE e i
If E is invariant anddim5 1 then E is called a propersubspace for f
Then f l let Xe for some X c F or f Ii tide

Eidentityout






































































































































i e fli ismultiplicationbya constant Xis calledeigenvalueof f andany
a Eto is calledeigenvector

If I is invariant and f l is multiplicationby a constant then I is called

eigenspace

If I isinvariant and f Xid 0 forsomeKerrandXEF thenE
is called generalizedeigenspace

Det f e 14 is called diagonalizable if L Li withproper
subspaces Li of f i.e dimLi 7 Ki

note thisis equivalent to existenceofbasissuchthatmatrixof f is
diagonalizable

Af diag inbasis e en fled i e i spanki propersubspaces

choose
any e i E Li basisfor Af

Det For f e 121 we call Pf A detf t id f thecharacteristic

polynomial of f

note detft id B AfB det l B ft id Af B

etB detft id Af detB
so clearpot can be computedwithmatrixof f andit isindepofbasischoice

Pf Hl th tr f t t t l I1 deff
Don't beafraidof determinants like Axler
Remember det orientedvolume thenformal defmakes sense


















































































































Thin Xeigenvalue of f X rootofPfH in F

Root
let 0 171 1 det l t id f
Then din in Hid f l t din L Ife 14 sodimkedid f to
let Ote e Ker kid f then id f 14 0 or

f el X e X eigenvalue toeigenvector E

I f f let e let01 eekerfdid f det i id f 1 0

note not all f are diagonalizable
if F IR Pf It mightnothaverootsin IR at all
IR not algebraically closed
if F Cl PfH FI It XiYi hasatleastoneroot
1Calgebraicallyclosed1 i e I at least one propersubspace
ri multiplicity of theroot
6 If XE E IeH1 0 spectrumof f
t f all ri 7 thenspectrumis calledsimple


