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4 LieGroups ov6,2019

connect
groupsand

smoothmanifolds

motivation continuoussymmetries of differentialeg s eg Galileansymm in
classical

mechanics translationrotation uniformmotion orPoincaresymon inrelativity

recall sometimesdenotedx y

Det Agroup is aset6withanoperation 6 6 6 ixyl to xy thatsatisfies

xy Iz xKet associativity

I identity e i e ex xe x the 6 noteunique

F inverse i e AxeG F x e 6 with x x xx e noteunique

If also xyeyx Vx.ee6 then6 is called abelian group
If He6 withoperation is alsoagroup Hi iscalled a subgroupof6

Def A lie groupis a smoothmanifold6 thatisalso a groupwiththepropertythat

multiplicationmap 6 6 G lx.ie tsxy and
ainversemap 6 b tsx

are smooth

Examples additive group Mt
map x 1 to y is smooth

map x l s is smooth

abelianconnected lie group ofdimension n



multiplicative
group IR't where1R x ER X to

maps xyl to x y and X h aresmooth 1 701

note IR isnot connected 112 112 u112 unionof disjointopensets
Ef E

IR is a subgroupof IR andopen thusitself a tiegroup

general lineargroup 6411121 setofinvertible urnmatriceswithmatrixmultiplication
note Mmm11121 real uxumatrices is avectorspacethus a smoothmanifold

Ae6411121 det At 0
sincedefMum11121 IR is continuous 6411121 is open thusalso

a smoothmanifold

AB toAB smooth matrixentries are polynomials

At A deltaadjA smooth

adjugateofA somepolynomial

3 6411121 is a lie group

GLI IR Ae6411121 defA O
detAB detAdetB anddetA delta 6411121 subgroup

andopen Idef'llo.nls lie group
similar 6114 forvectorspaceV is a tiegroup

circle S z e 121 1 withcomplexmultiplicationis a tiegroup
n tous S x XS is an n dim Liegroup

Heisenberg group H f I x y z c IR playsimportantrolein physics

one can checkthatit is a tiegroup



Def let It 6be liegroups Asmoothmap F 6 H iscalled liegrouphomomorphism if
F Ixy ITHFlyl th yeG
Itu b Iti

I f F also a diffeomorphism wecallit liegroupisomorphism

Ex O
exp 112 IR't X t I lie grouphomomorphism

exp IR TE liegroup isomorphism
det 6411121 lR lie grouphomomorphism

liegnpb.ge6 thenconjugationbyg is themapCg b G h ng
hg

smooth
grouphomomorphismandisomorphism Cj Cyi

Def a subgroupHe6 iscallednormal if Cg Hf H Hqe6


