
 

Jession18
last time a tangentbundle TM Cpul PEM veTpm 13,2019

a smooth 2nmanifold M smooth n manifold

vectorfield X M TM s t HpletpM HpeM

Choosingchart IU yl wecanwritelocally f inthiscoordinatechart Xlpl Xilplofilp
y

smoothcomponentfets

Examplesof vector fields

Melt open re M then X M TM Hpl vi Ip c V Ops is a vectorfield
called gradientvectorfield

Y

A ITE l o X I I r f T a ru
k pc s xt eX I I as b
t

calledorthonormalframe since X Ip andX Ipl orthonormal VpeM asvectorsinTRY
check

F M N smooth X M TM vectorfield

dFpTPM TapN so def dFpfXpHETapN not necessarily avectorfieldou N
eg if I notinjectiveornotsurjectivel

But if F is adiffeomorphism we havethat the pushforward

X N TN Hq dFµq XA't l is avector field

F X is smoothsince I X N M E TMEFTN i.e compositionofsmoothmaps



frakturX gothicX

Def Tf Ml allvectorfields onM

Note TECH is avectorspace attBY pl aXpItbHpl

f ECalm ffM SR Xe ElMl fX M sTM fXlIpl fIplXlpl
also a vectorfield

Next IncMl calm
CTpM
mXE Il MI f e CHI UcM then Xf U IR Hf Ipl Hplf is againa7

notmultiplication vectorfield

inlocal coordinates Xf pl X Ipl f p so Xf is derivativeof f indirectionHpl

CMMI c M L f Xf
linear Kpiderivationatp
IfgIpl Xffg pl XIplAgl fIplHplg t gp Hptf

fog f Lxg t gLif

Def If D C IMI CMMI is linearandsatisfiesproductrule D is called

global derivation

Proposition D CMMI CMMI derivation s Df Xf forsome XE KIM

Proof done for def XlplIfl f Ip
X p CMMI IR indeedaderivation IHpleTpm
smoothness canbechecked Xsmooth XfsmoothFf 0



Proposition X Ye JflMI ft XIE YXf is a global derivation
E Ml

Proof linearityandproductrule are easilychecked dothecomputation 0

Def X YeACMI then XY CMMI social IXYIf XYf YXf iscalled

liebracket

Note Ix Y is a vectorfield
x x EEY shriek Xi Yi 1 check 1

Proposition For X YZ E KIMI we have

a bilinearity aXtbY Z aExit t b Y Z
Z att bYJ a tax t b 2it Va.beIR

b antisymmetry X Y EYX

c Jacobiidentity X EYED Y EiDtEt TxYl O

d forall fgo.com ffXigYI fgx.YItffXg Y fgYf X
e foralldiffeomorphisms F M N F EXY I X F Y

Proof Hw

Def A lie algebra lover1121 L is avectorspacewitha bracketE il LxL K that
satisfies a b c fromabove



Ex If IMI

Mum11121 with commutator A BI AB BA

anyvectorspace with x y O is a liealgebra


