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Def The cotangentspaceatpenisTpM fTpM weTfm iscalled tangent covectoratp

Notes incoordinates Ip basisofTpM 3dualbasis Xif ofTFM

TpM a w wililp withwi w l lp

Def T M nTpM is calledcotangentbundleofM

W M T M withwlpleTpM iscalled covectorfield differential 1 form1

Note one canshowthat T M is a smoothmanifold

Note w covectorfield Xvectorfield
s w X M IR wCHIpl WIplHpl
in localcoordinates w x W X i

Now for f e CMMI thedifferentialatpwasdef as dfpTpM TypIR

we canalsoregardthedifferentialof f as thecorrectorfield df defbydtp14 v f
theTpM

i e TpMsdfpTpm IR samemapwiththeidentificationofTepIRwith112

Incoordinates TpM odfp AilplHp forsomesmoothAi

AiIp dfpI Ip Ipf
0
Ipl

s dfp
0 IplXilp

for f XJ wefind dxilp XiIp s Xi dx's s df 6 dxi



now consider smooth F M N

recallthat for diffeomorphisms F and XE 1Mt wedefinedthepushforward

X N TN Hq dfp.iq X Hill X is anewvectorfield

now takeanysmooth F M N notnecessarily adiffeomorphism

Def F M sNsmooth W N T N a covectorfieldthenthepullbackof wby F is def as

F w M T M wp dFptuµ

note onecanprovethat F w is a smoothcorrectorfield

5 4Tensors
mm

Def A V x xK W is calledmultilinear if
vectorspaces A Y Tirith Ye XiAH w l t Ahn Ei y

LIK VaW setofallmultilinearmapsV x xVv W

If AV x xVu IRand B W x We IR aremultilinear then

A B V x xthxWX We IR A B y ya u we1 114 Nu B w we1
iscalled tensorproductofAandB

Ex wieVj then who w V x xVv IR Iv ru tsw y w 14.1

Note D e EYE 1einen Kinen basisof UK KeiRI
moreabstractlyonecan define aspaceV Vu iherejusttake it asthevectorspacewith
basis E EI Eiji leinen Kiku


