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Orientation two equivalentapproaches LDec3,2019

orientationofvectorspace equivalenceclasses E En of consistentlyorderedbases
i.e detB so if E Bi ET
orientationof manifold continuouspointwise i.e ofTpM1orientation
Proposition we Ilm positivelyoriented W Ei EU s0 orientation onM

orientation intermsof charts
chart is positivelyoriented if thecoordinateframeI is

I
smoothatlas Maced is consistentlyoriented if Jacobianof you haspositivedeterminant
everywhereandHa B

Proposition consistently orientedsmoothatlas orientation onM

Note There are orientable and nonorientablemanifolds
e g sphere e.gMobiusstrip

5 7 Integration on Manifolds
www

want coordinateinvariantdef of integration

heuristically needsignedvolumeateachpeM h uneTpm mappedto signedvol wly w I
recall ti

volume defhi alsofor higherdimension

multilinear

0 if vectorslinearlydependent

consideralternatingforms



Startwith 7 form w ouTab CIR i.e we fitIdt

wedef
af w SabftHdt

usualRiemann orLebesgue integral

next consider a domainofintegrationD c R ID bounded ODmeasure0

let wer ID n form i.e w f dxn rdx
smooth orcontisenough

wedef w fdx's rdx f dx Ix fdV
Riemannint

Proposition let D E c112 be opendomainsofintegration b D E smooth lie 6canbe
continued to a smoothmap6,1 withUVopen andorientation preserving

dbp orientedbasesofTPD orientedbasesofTapE
diffeomorphism from D sE w an n form on E Then G w SEw

Proof y i y
coordinates on E Ix x coordinatesou D w fdyn ndy

ESw f f dV CfoG ldetpdldV flfobldel.DKdV
T Jacobian 4

changeofvariables 6orientation

forRiemannint preserving

too detDG dxn rdx 6 w O
ya

pullback
formula
fromlasttime

Note G w fw if 6 orientation reversing



next M a smoothoriented n manifold

supposeh fom w hascompactsupportcontained in onesmoothchart Uy lpositivelyoriented

Def Theintegralof w over M is ngw L Ywy
n formon112

Independence ofchoiceof chart takelane Kiel s t suppw c Un I

foci orientationpreservingdiffeomorphism if bothchartsareposhey oriented1

S Ey w f f y w S doey If Hw She1 44 4y w
6TH quinn y celina Hinal

previousproposition

S I e1 w
6141

next w compactly supported n formonM

Hi finiteopen coverofsppw withpositivelyorientedcharts luiceil

Yi a smoothpartitionofunity1subordinateto Ui

Def w IfaYiu note finite sun
in

welldefonsinglechart Uiceil

Proposition Thisdef is independentofthechoiceofopencover or partitionofunity

Properties alinearityorientationreversal positivity

diffeomorphism invariance F M sNorientationpreservingdiffeomorphism

w S F w
N



Extranotes

Example M IR't o w XdY Ydx
4yz lame f oar M glH It

dt.IOdtmcostfdsintsiutldcost1

sy w kostidt s.int dtdtkost14lsintl2
sSw Sy w S.u dt 2r
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