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4Black Scholes EquationandFiniteDifference Schemes

4 1 Derivationof theBlackScholesEquationMmmm

We assumethat thestochasticprocessforstockpie development is geometricBrownianmotion
BBM

ds µ Sdt t Gsdw

This means Stock'srateofreturn Is µdt odW has expectationµdtand
variance Edt

d averagegoth1
randomness
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Stocksbehave likeregular cashflows bonds I dt butwithrisk fodwterm

Recall FromIto'slemma nefound that SHI SoehEH 6Mt

Now Optionprice C is afunctionof SCHandT so G CISith t I ChatIf

Recall Ito'slemma If HH issol to DX fdt tgd
w andFIXHI.tl then

dF II tf II Ig Idt t go dw



So in our case f us g OS

DC Eft us to's Jdt os Esdw

Merton's trick consider a portfolioofvalue17 thateliminatesrisk

12 2 C BE replicatingportfolio1
bonds ophtion stock

da adc Ads

4 off 1µs fo's 8 Idt t a os E DW t Pasdttfosdw
toeliminaterisk we need A a

With thatchoice we have

dn xfEtt to's'f dt

Now thereis no randomnessin d17 anymore so 17 hastogrowwithrisklessrater

MHI No ert or d17 17 rdt x C 5 rdt

Otherwise therewouldbe thepossibilityof risk freeprofit1

Settingbothexpressionford17 equalyields
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This is the Black ScholesCMerton equation

Remarks

this is a partial differential equation PDE firstorder in time secondorderin S
we know the initialcondition CIS t Il payoff e.g forEuropeancallswehave
C S T max S KOl K strikeprice T expiration

wewant to solvefor C S t O
BlackScholes eye is a backward drift diffusion equation

8 is a diffusion term a drift term

wehavetheboundary condition 45 0 El 0 for all te fo it

by a changeofvariables theeq can betransformedinto

I 9 look all theheat equation

option price 4501 at time f 0 depends on theparameters r G K T but

not on µ Analogous tobintreemodel whereoptionprice is independentofstock
marketprobabilities



HintsforHW6

Problem1 I EderMaruyamaafter Nsteps 1correspondingto T i.e It I
Bydef Eder Maruyamais inductive ie ithas tobeimplementedwith a for loop
In the specialcaseof GBM one couldalsouse cumprod

For stonytweakerror is over ensemble N is varied ofstepsin
EulerMaruyama

Noteweakerrormightbe a bithard toreadoff itrytofit a line
byhand anyway

For the error rate one couldstartwith Nmax 2 k k lol
nm n n n n n n

A 12,2723 2 k
cm

dWnew dWnew Nmax
www

For eachrealization create dWof length Nmax
withthat computeGBM
compute Suma withthedWabove

computeSuze byusingEulerMaruyama with
coarsened new

dWuay dwotdw.dkidk

repeat till the
2 Krorsthsmaller



Problem4 Imaginetwoscenarios

a Youwant to keepthestock tillafterexpiration Isit thenbettertoexercise

early ey
when St K or atexpiration

b YouwanttomakeprofitimmediatelybyexercisingtheoptionearlywhenSt K and

selling thestock Isitbettertoexerciseoption ortosellthe option
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