



































































































































































































Jession10
Recall If f i hasa wax orminato then f kikO LMar9,2020

Generally if Tftoil O wecall a a criticalpoint

Acriticalpoint canbe a localmax localmin asaddlepoint or neitherseeexamples

from lasttime

As in IR weneedto lookat secondderivatives

Taylorexpansion ftathKfloilt f1la7ehtITh.FIf lil Railhit

L lEhiOxIf kik t.EE0xidxjf lathihj
Definition

Eiffel Ox I flat Qifuflat

Hat

I
iscalledHessian off at

Remarks The i j entryHijoftheHessianmatrix is Hij OxOx f toil

Hij Hii i e H is a symmetricmatrix

recallmatrixmultiplication Auxinmatrix Eek

art X H or ii air












































































































if also IER I AT Xi IAEli EXiFI dijyj i.fiXiaijYj

BacktoTaylor expansion We canwriteit as
matrix
M

I tRuafhitht flat t Ff toil It I h IHflath 1h7

0 if a
vector

criticalpoint

if I 11th 0 forall I a is a localwin

if hi HIKO forall I a is a localmax

if I HI 0 forsomeTand c0 for allothers a is a saddlepoint

if I HI1 0 for someT we call a degenerate

Wewill discussgoodcriteriatodeterminewhether I 4th 0 later

Nowconsiderjust f Ix y

Trick Hitt hx th theylift

hit 2hxhyloxdu.tl he1041
t c off

2

10712

hi f 244109f It 44971 I IHit
sinceoff O

I IHit so if I't O and Kitt Y O lie 1 lait Royfl 01

AssumingthatremainderRaith is smallenough it is if f E d wehaveshown



Theorem let fTREKbeofclass d andsuppose f lay 0 for some aER

Define a f lat f ladyf lol y Gif lait i.e H If f 1 Then

i f ag p's 0 and as 0 a is a localwin

if ay p O
and a cO a is a localMax

if ay P cO I is a saddlepoint

if ay PEO inconclusive

Ex flx.ie x y2 sFf f 0 iscriticalpoint

Hiott it to II
s x 2 p O y 2 a co and ay PE 4 so local max

flx.ie x y

2 2 1 0 y 2 ay p 4 co saddlepoint

f x yl y 3 4

Ffl 4 41 181 is theonlycriticalpoint

Hf I Hf107 fo 8 inconclusive

visualizationwithgeogebra showsthat 0 isneithermax normini

it is a monkeysaddle

Moreexamples in HWandnoodleexercises



2 4 LagrangeMultipliersMmmm

Recall theisoperimetricproblem chapter optimization forrectangles

rectangle
y from calculusandlinearAlgebra I

Question maximizefury xy underthe constraint that 2 2y L forgivenperimeterL

Recall the solution ft x ylxD x E x 0 1 f E 2x Xanax

Ymax E Xanax I s square

Generalquestion Findextremaof flit under some constraint 614 0

eg
above61xy 2 2y L

Note it is oftenimpractical or impossible to explicitlysolve61 41 0 for x or y e.g

GHyl e
sink

cos144 0

Goalnexttime find a bettermethod



Visualizations using geogebra.org:

The monkey saddle: f(x,y) = y3 – 3x2y

The isoperimetric problem for rectangles:
f(x,y) = xy with constraint G(x,y) = 2x+2y-1 (perimeter L=1 here)

https://www.geogebra.org/

