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For a C functionG112 IR considerthe levelsets Sc Ie IR 614 4 for
any celR all I's where6hastheconstantvaluec igeometricallyfor6 R 112thismeans

all I whereGII hasthesameheight w r t the x yplane

NowletICHbeany one inSc littleSc ft eRl
Claim FGCtilth DI O ie FG isorthogonalto S atanypointdt

Why 6thHfc then bydefinition I is acurve inSc

0 161httD FothHH datI

Example seegeogebrapicture onthelastpage

b x yk x'ty't2 c 3 ie thelevelsetistheintersectionof6withthe

2 3 plane

generally 86 1377

6 3atallthreepoints

e.g thepoints 1101 10,11 and I fi I areinthelevelset

therewehave 861101 13 0610.11 134 561

Inthepictureone can clearly seehowFb isorthogonaltothelevelset6 3 at
thesepoints



Back to vectorvaluedfunctions

Recallthat for I lR lR wedefinethederivative componentwise daff

Note integrationis alsodefined component wise SICHdt
Newton'slaw
massin O force
DEH tEx conservationofangularmomentum let I E faint

eg
Coulombforce

CH DI momentum mass 1 FlikconstFIICH particleposition P dt
adf.at

did xp It x finalE O ii e IH xpHIdoesnotchangein
p IT timec a
pxp O crossproductofparallelvectorsI

EHIxpHI I101xplol is a constant of motion it iscalledangularmomentum

But in themost generalcase we need to consider

E TEN ex Hts EAT
in u

Ex I ix yl f
4

see geogebrapictureat theendofnotes

First someterminology

a fat f IR 112 me21 is called a curve inRm e.gparticletrajectory
a fat f IR IR usuallyu 3 iscalled a scalarfield e.g temperature

a fat f.IR 7112 usuallyn 3im72 is called a vectorfield legelectricfieldI



Next What about derivativesof f IR SIR

Slightlyabstractpointofview

as usual we need a linear approximation of I wear I

Def Amap E N Rim is calledlinear if faitbuy a ICH t b IlEl
forall Iii EIR abeIR

j thcomponentofthe linearityvectorI 1instandardbasis

Writing I FEI we
find

ECE i ElEi xEi I 4751
C

unitvectorin j
directio i thcomponent ciceI

ofthevector h W
III LiEj Xj i thcomponent

ofthevectorice1
matrix

a linearmap is representedby amatrix

Thus we knowwhatdifferentiabilitymeans

Definition A function f IR is called totally differentiable

at a c IR if thereis an mxn matrix 4 suchthat

IFlail Flail LaI 1
him O
Kso 151

Dflat Ital is called Hotall derivativeof Iata



Asbeforewe can figureoutwhat L is

eg I
choose I hE withsayh so then him IIhi'T

flat tail O
h so h

m
Lm Len n

ti h µ Haiti
h ko

recalldef
ofpartialderivatives

f faith.int f tail 8 hit

infiniteot f to
generally Lij

d

jkit

Theorem If I D 41T is differentiable ata thederivativeat a is themxnmatrix

cat can

lil

ay

i e i Kah f

Teta is called Jacobian matrix lotfatal

Ex I ix yl f
4
frombefore

sea4 H



Note This is themost generalnotionof aderivative coveringany I IR SIR
inparticular the cases u 1 or in 1 wediscussedbefore

Thereis also achainrule tf g IR 112 and f IR 112 are differentiable

then D IfGEN Df lyKilDgl II I fog IREM I fight1w
mxnmatrix nxkmatrix

matrixproduct markmatrix

Asbefore thereisthetheoremthatsaysthat if all ff existandarecontinuous
then f iscontinuouslydifferentiable



Use https://www.geogebra.org/3d for generating the plots.

G(x,y) = x2 + y3 + 2, level set G(x,y) = 3, with three gradient vectors:

View from above to see orthogonality of nabla G and the level set:

https://www.geogebra.org/3d


Use https://www.geogebra.org/3d for generating the plots.

Vector field f(x,y) = (x2 – y4 – 4, 2xy)

https://www.geogebra.org/3d

