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Wecontinuethelist of techniquesforsolvingcertainclassesof ODES LMarch23,2020

fromlast time

secondorder ODE ytxt fl x yAll but f doesnot dependon y111

Herewecan introduce a newvariableparty4 1 i.e yCH p41

Then wejustneedtosolvethefirstorderODE ptxtflx.ph leg if possible
withanyofthe techniquesdiscussedbefore1 YET YET

Oncewe foundpH wehave yal SplHdx C s t y hi pH

secondorder ODE y CH flux y ki but f doesnotexplicitlydependon onlyimplicitly

through yandy l
let us assure that y p1,4 forsomefunction p ie y IH plyin

chainrule
1Then y ly't adz phil IFIT p pw

p44

So weagainhavereducedthe problemtosolvingthefirstorderODE plyI plyI fly y l
justforgetabout hereisolve
thisforp as afunctionofy

If we cansolvethisforpH wefinallystillneed to solve thefirst orderODE

Y IH p yw
autonomous



Oneofthemostimportantexamplesof a secondorderODE istheharmonicoscillator
snoinepositive

constant
Newton's second lawagain mass acceleration Mdd t force Kx

forceofaharmonicoscillatore.g a spring
wanttosolvemdd Kx or dd Ix w fEi

Newton

du du dx tsecondmethodabove lookatvelocity ddI UHH then at DI DI wk
W
DII Ff TE
dtdratneedtosolve d VH1 wk

separationofvariables Vdv wide frdu w'Sxdx
Ichose f insteadofC
tomakethenotationeasier V2 L
m

I UH Ix't E val

next we need to solve ddH until EMGwhat
separationofvariablesagain f y dt so sa.lu dx fdt

Thisintegralcanbesolvedusingthesubstitution ax arsiny Then dx cosydy

and S dx cosydy
un

1 sink_cosy

L cosy
w rosydy

IS dy
Fsix recallthatceresin is theinverseofsin i.e arcsiucsiuxtxlsoyarcsinw.fi

twarcsinw d



Sointegratingbothsides in ourequationabovegivesus I aresinEp x t i ca

HI II sinlwt t a G
or nicer xAt Aosiututte1

amplitude phrase

Note Often eg inthisexample one cantrytoguessthesolutionfirst If it
satisfiestheODEandhas enoughconstants good

Wewill comeback tothe topicof ODESlaterinclasswhenwehavemorelinearAlgebra
available

Before we switchto linear Algebra afewmoreremarksabouthowtoeasilyunderstand

some qualitativebehaviorof thesolutionstoODES



3.3 QualitativePropertiesofODES
mmmm

let us consider autonomous firstorderequations dd vlyl

By separationofvariables wehave S dy if u is continuousandnon zero

butthisintegralmightstillbehardtosolve

Wewould liketo know HowdoesthesolutionyH behave qualitativelyforlarger
fordifferentinitial conditions

Example Uyl arctanly to

Whatis Santana so dy EvenWolframAlphadoesnotknow

But weknowwhat v looks like
aux reflectionaroundy x a vlykarctauk.to

firstrecall E
givesustheinverse
function

arctan
EIIitted



Sometimescalledslopes ordirectionfield
Now we justdrawthederivatives i.e littletangentsateachpoint sinced v44

YIH

ie
it o

X
hereVly to1 0 Xo

n n n n n n n n n
hereHelisnegative n i n i n n n s x
undulyz fforsmallyl l l l l l l l l l l l

purple different initial conditionsat x 0

green thequalitativesolution wejustfollowtheflow

Inparticular we canreadoff thefollowing

if y101 do then y txt to the 0

if y101cXo then yIH decreases forall xD and y H s w forlargeX

even more we find y x z F X forlarge x

if y101 to then y1 1 increases forall 0 and y H th forlargex

even more we find y1 1 a Fx for large

Note Thezeros of rly1 are called equilibriumpositions if westartat azeroofy
i e yo s t Hyo1 0 thenthesolutionwillstayatyo
it forsmallchangesin theinitialcondition thesolutionstaysnear theequilibriumwe
call it stable if thesolutionisleadaway wecall it unstable



Examples Directionfield
V O

HH YIH
no no v o slope O
T c x

unstable i

a

µ
e
slope 0

b a stable r r slope O
a x

3equilibriacubic 9 till x slopeco
unstable

Important vlH d souly givesus
theslopeofyw Weareuotinterested
intheslopeofutel

Equilibriacaubestableinoudirectionibutmstableinanother
HH HH
n n 1 1 11

µ goesawayfromaat I
goestowardsat r r r

I Y 1 1 11 X
a


