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47Review
Mrn

Makesuretoreviewthefollowingconcepts resultsandtechniquesfromCalculusandlinearAlgebra I

Vector
spacesin general and inparticularTR as avectorspace

linearindependence spanbasis dimensionin
linear4independentX It XuJu 0 vectorsthatspanthesX he Xu 0 wholevectorspace

innerproductand norm laughsandlengths ingeneralandinparticularin IR
abicarb aibi toil151cos0 0anglebetweenaD

matrix algebra inparticularmultiplicationofmatricesand applyingmatricestovectors

AB in AijDjk Ai FAijy

matrices as linearmapsoperators Ahhtuk AHHAtul Atell Aij

homogeneousandinhomogeneous systemsof linearequations andtheirsolutionswith
Gaussianelimination

imageandrank nullspacekernelandnullity ranknullity theoremw w
I is t Ai w F i Ai O diff this ranknullity dimofvectorspace

matrixinverse howtofindA suchthat A A I identitymatrix

Resources Calculusand linearAlgebra I lecturenotesfromlastsemester

RileyHobsonBence book
Leduc linear Algebra



42Determinant

The determinant isan extremelyusefultool in linear Algebra

let us askthe followingquestionWhat isthe area of aparallelogramspannedby
twovectors I andb in IR

q.fm
E tailit Hi Liuthestandard

basisefol e I

Area b f j a b aah dab b k a a

Lar a
g

a e T tab tab b.bz2qb bbea.azK A K b t

a.bz arts

Thereis oneimportant subtlety If we interchange aand b our expression for
thearea changes sign b ar b a la.bz ab
So area tanka.ba Butthesignchange is actuallyveryuseful so wekeepit
in ourdefinitionbelow andcallthearea oriented 5 positivelyoriented

a negativelyoriented justliketheRightHandderfentnitautof
g

masWecall theoriented areaoftheparallelogramdetlef abe a b
matrixwithvowvectors
iii i e an

bbe

Wecould proceed analogously forhigherdimensions ie computethe volumeofthe
parallelepiped inTR ai sidenote It turnsoutthatthevolume I fix51 il lc i

I
a

Instead we extract a generaldefinition fromthepropertiesof our expression in IR



realuxumatrices

Definition Amap Det IR SIR A t.deHAI fittakesinrealuxn matricesand
givesout a realnumber is called determinant if ithasthefollowingproperties

Dl det is linear ineach row ie

Xi
det deff x det where I Ri En Euarenowvectors

andX E IR andanalogous forallmatrixwithrow vectorEnt infirst other rowsnow andEj in columns2 u

forexample det I I det l Ii x delta

InIR E Egg I
areaof parallelogram spawnedby Inti RT

fareaspannedbyIuIgt areaspannedbyEi Ie
Also areaofparallelogramspawnedbyART Iz XfareaspawnedbyRTRT

D2 def changessignit two rows are interchanged ie

det det andanalogous foranyotherpairof rows

HuTi wediscussed thisabove deff I detftbail

D3 det III 1 detofidentitymatrix 71
identitymatrix
id I if 11s onthediagonalallotherentries0

tutti areaof aunitsquarespannedby E ft Ei isequalto1 if
area Y



NoteWecouldhavejustaswellusedcolumnsinsteadof rows in DH and D2

Importantresult Inithoutproofl ThepropertiesDD Dal D31 determinethemapdef
uniquely

Thus wewillalwaysspeakof the determinant

Next wewilldeducefurtherproperties of detwhichwillalsoenableus tofind a
formula for general nxu matrices

D4 Thedeterminant of amatrixwithtwoidentical rows is zero

Geometricreason twoidenticalvectorsdonotspan aparallelogram i e areaiszero

Proof DHsays that
def def landx ximpliesx 01

in
1stand2ndrow interchanged

D 5 Adding a multipleof one row to another nowleavesthedeterminantunchanged

Geometricreason onehastovisualizethis

b
7

sometrianglessoarea unchanged

a

Proof detf I def that

0 accordingtoD41

Note this is verygood justthinkofGaussianelimination



1371 If amatrixhas one row withonly 0 s thedeterminant iszero
numbering Geometricreason clearsincetheirarea O
according

to due Proof det det E 2det land x 2ximplies x 01

6 Thedeterminantof an upper triangularmatrix is equal totheproductofthe
diagonalentries

Geometricreason det8 I area of Iiia t areaof 9
a

anan

Proof considermatrix A
a

allentries0
inlowertriangle

how do backwardsinduction startwithlasttworows 0 0 an.im an in
O O dun

tf am O done dueto D7
otherwiseadd da timeslastrow tosecondlast row Thisdoesnotchangethe
determinant

according to D51 Theresultis O Oaunm O
O O 0 am

Continuethisuntilmatrixis diagonal ie a

Finally det Efidetf L anandetff a

a an audetfo h dii
it

1 accordingtoD3



Technique 1 to computedeterminants Use1051 tobringmatrixin uppertriangularform

and then D6 to compute determinant

Example detf Y f detf f E detf Is 1 it's 5

addl il firstrow addI secondrow
tosecond row tothirdrow


