



























































Jession16
Wecontinue our discussionofthedeterminant March30,2020

lasttimeweestablishedinvarianceofthedeterminantundertheoperationofaddingamultipleof
one row toanother
In Calculusandlinear Algebra I youlearned that an urn matrixhasrankon it andonly
if after transforming itintouppertriangularform echelonform thereisatleastone
zero vow at thebottom But if thatis thecase thedeterminant is zero Wehaveproven

Theorem let AEIR areal urnmatrix Then rankA cu sdefA O
rankA n s defA70

Keepthe geometricreasoninmind rankA cu meansthematrixmaps en eu into a
lowerdimensional subspace so the areavolumeetcvanishes e y a linehaszeroarea aplanehas

zerovolumeandso on

Examplefrombefore def 5 10 so hasrank 3

whichwe canalsoeasily readoff fromtherow vectors whichareclearly
linearly independent

NowrankA n isthesameas all row orcolumn1 vectorsbeing linearly independent
So

Theorem Ink Rien are linearly
independent

ifdfm deff to
In

sincewehavenvectorsinTR RT RTis abasishere matrixwithrows
In In



Two moreproperties

D8 Forummatrices Aand ter detftA X delIA
Geometricreason If arealvolume is sealedbyX ineachdirection4 u theareatohue
increasesdecreasesby a factorX X X

ntimes

Proof Just use linearity DH foreach row

D9 For A Be 112 wehave delIA B deHAIdelIB
mathfproduct

Here a geometricreason isnot sointuitiveatthispoint

Theproof is a bit lengthy so let usnotgiveitherebutone slightlyabstract strategy
is thefollowing Fix Ae112 thenthemapB delIA B satisfies properties

Dal whichactuallyalreadyimplies uniqueness
upstothedude ftp.theufffdeffjf.tlButhere it is deffA Il delIAk deHAIdel111

Justtoconvinceyou Take two uppertriangularmatrices Aand B i.e fori j wehave

Ai O Bij Then AB i j AijBji AiiBii So

deHABEdet i
asf II AiiBii deHAIdeTIBI
un un

For example L l f Tif hi
andthedeterminant is a b anbu a but auau933 Ib b ub33



Someconsequencesof Dg

let Abe an invertible mmmatrix ie f A s t A A I 1identitymatrix Then

I det III det IAAl detft t detH1 so deftA I def

Generally detFAY deHAIdelIA I deHAN
w

deHAA Al
ktimes

itmightholdforspecialchoicesofmatricesbutnotingeneral

Butnote deffA11311deHAI det1B in general

justtake A Iii B Yo Then

deHATH det I fautbHautb but

deHAHdelIBI detfo Itdeff ana bi but defAtB ingeneral

Ageneralnote Everythingwehavedoneso farfor rows canalso bedoneforcolumns

Infact wehavethefollowing

D 10 detAI deffAM whereATisthetransposeof A lie thematrixwhererows

andcolumns areinterchanged Atlij Aji
Geometricintuitionclear It doesnotmatter if wechoosecolumnor newvectorsforcomputingthe
area volume

Aproofwouldagainbea bit lengthy so let us skipithere I



Next Wealreadyknowthe explicit formula for thedeterminantof a 2 2matrix
let us check it again withour properties

Gifauto det Iii If detff Talaga a anf Ii au anau Anau V
add firstvow p
tosecondrow note if q 0then

If a 0 detfan Etdet aaan O au ana

Graphically deff an au anau

or det a delfatal a detail a a a a V

meaningdetau meaningdefon

One should also know the explicitformulafor 3 3matricesWecouldcomputeit

i
Ii

ei

Definition For AER andany i je 1 in we definethe aijminor mnrla.gl

asthedeterminantof the In 1 Hu 1 matrix Awithremoving row i andcolumnj
We call coffai.gl l Il murla the aij cofactor

Eonfor at wehave mnria.t.at IIEEl detl iyiIiiiiiiii



and a flank I h det.ITIaIi detfII

and a flask th't detfII.IT detfa

Thesedefinitions are sousefulbecause wehavethefollowingtheorem

Theorem The determinant of any uxu matrix A is equalto its Laplaceexpansion

byany row i e Det Al Ehaijcoflai.gl forany i h u or

byanycolumn i e det A Eh ai coflaij for any j l n

What doesthismeane.g for 3 3
matrices

let us do a Laplace expansionbythefirst row

att
iii detail Humandet.ITEfHiii.detIIII

audetfa a det a dett

oh I922933 923932 912 921933 923931 t 913 921932 922931

all922933 t 91292393 t 913Az932 913922931 911923932 912921933



Note OnecanrememberthislastexpressionwiththeruleofSarris

adduptheproductof
theencircled

uunbersmdy.tll 7
meaning A 9229331andos93 t9,392932 meaning dis922931 923932911 933912921

SotheLaplaceexpansionisindeedtruefor 2 2 matrices landwecouldcheckit
explicitly for3 3matricestoo

The general case canbeproven e gbyinduction usingD51 orbycheckingthatthe
expansionalsosatisfies Dil D3 andthenusetheuniquenessButletusskiptheproofhere

Note Onecanuseanyvow or any columnfortheLaplaceexpansion

Eg we couldcomputedeterminantsof 4x4matricesbyrepeatedLaplaceexpansion
If a row or columnhas one or morezeros oneshoulddotheLaplaceexpansion

usingthat row orcolumn
Laplaceexpansion

by2ndcolumn

Example det I C n 3 detf
Laplaceexpansion

byfirstrow
3 3 deff 2 det l Il
3 3 3 81 2 f6 41

3 I 15 4 I 57


