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SummaryWhat dowe knowaboutdeterminants sofar April1,2020

Geometricintuition Det EI isthevolumeoftheparallelepipedspannedby the
row vectorsRT RT
Themapdet.IR IR withpropertiesDH DH DH is unique
def hasproperties DN D101

Wecan compute detA with Gaussianelimination
Theconnectionof diet torankand linearindependence isvery useful
detA canbecomputedwiththeLaplaceexpansion oftenmoreconvenientthan
Gaussianelimination

Remembertheexplicitformulasforthedeterminantfor2 2and3 3matrices

Today Afewmorethingsyoucandowithdeterminants

Cramer's rule

let us consider a systemof 3equationswith 3 unknowns

A I b where Ae11233 I b c1123 i e explicitly

AnX t AnK Asx b

Ar X tAzzK tArX be

A3 X t AzzK t A33Xs b3



let us compute detA in a specialway x

DflandDeol Ai A An Ab
det A det IIII F det Aut A An A

add secondcolumn
t A A Azz Azz

beIthirdcolumn1tofirstcolumn

out i at

So wehave found that
det II
detf.fi y

adf.tn
EmtpYaieaYytigtcoimuis

analogously
detAa
detA it

detA
detA

Of course this onlyworks when detA to Whendet A 0 we alreadyknowthat
rankAcn ie thereis no unique solution there are a many or none

Thegeneralresult is

Theorem Cramer'sRule A square systemof u linearequations A I I AeRn

ITERM hasa uniquesolution if andonly if detAt 0 In this casetheexplicit

solutionis xj feet
hi
where Aj b isthematrixwiththe j thcolumn replacedby5



Note For a homogeneoussystem AI 0 thismeans

Only E O is a solution s defA O

Cramer'sruleis a verynicetheoreticalresultandveryuseful if onlyone Xj is
needed forafew1 OtherwiseGaussianelimination is morepractical

X t 2 Xc 12 x

Ex Solve 5X t 3 K t 5 x 2 for Xz
GX t 4 2 4 3 3

First detft 13.4 2.5 6 125 4 236 5.4 I 4 2 5

12 60 40 36 20 40

16 uniquesolutionforany b inparticular b

det
l 33 2 2 6 1.54 l 3.6 24 I 3.2 5

f g 24 20 18 8 30

I
16

AMatrix Inverse
A

Recall

A squarematrix AER iscalledinvertible or non singular if thereis a square
matrix A e R suchthat AA AA In

Exuidentitymatrix



In calculusand linear Algebra I youlearnedhowtocompute A withGaussianelimination

If Ais invertible the linearsystem AI b hastheuniquesolution I A 5
Inparticular AI 8 hasonlythesolution I A 8 0 I

tt existsc svaukAnJ
Thelastpointshows that a square1matrixis invertible if andonly if detA to

If detA O thematrixA isnotinvertibleandcalledsingular

Wecanevengive an explicitformulafortheinverse if itexists usingdeterminantsandthe
LaplaceexpansionForthat wedefinethefollowing

Definition For an urnmatrix A we define an inn matrix AdjA called the
classicaladjointof Aby AdjA g ofA i

cofactor CIlitiDetIAwithremovingrow jandcolumnit

Inotherwords if C is thematrix of cofactors Icij ofAij then AdjA Cl
Ctransposei erowsand
columnsinterchanged

Then wehave

Theorem let AeTR Then A is invertible if andonly if detAt0 andinthis

case A deltaAdjA



Aproof can begivenusingtheLaplaceexpansion see RHD ch8.101 butletusskip it
here

Ex A Is

Wefind defA 152 2 63 3.42 3.5 3 62 I 2.2 4
10t36 24 45 R lb
3 A is invertible

Furthermore cofA def EE lo k 2

of An deff E 18 181 10

of A deff 8 15 7

of Az det K 61 2
of An detl's 2 g 7

of Az det ft 12 61 4
of Az det Ff 12 15 3

cof An Det IP 16 14 6
of A det Is 5 8 3

cofactormatrix C If
classicaladjoint AdjA CT It



inverse A t I

consistencycheck A A I I 1 I If
L L r

Finally I shouldmake one more remark on determinants just if youareinterestednot
relevantfor exam

Wehave tiptoed around a cleardirectdefinitionof thedeterminant andhaveinstead
talked about theintuitionbehind it anditspropertieswhich Ithoughtwasmoreinsightful
Weclaimedthat the determinantis theuniquemapthatsatisfiesproperties DH DH D31
But one canalsogivean explicitexpressionfor thismap

Weneed the followingdefinition

Definition A bijectionfrom 72 n toitself is calledpermutationofthenumbers

4 u Theset of all permutationsof 7 in is called Sn lthesymmetricgroup

In otherwords permutations are justrearrangementsof thenumbers 1 u

Ex o 12,3 I 2 3 defby 6111 2 6121 3 6131 i e
g f
of I Im



Eg for n 3 there are sixpossiblepermutations f f
3 I 2

6 2 3 I
3 2 I
I 3 2
2 I 3

All permutationscanbeputtogether frominterchangingpairs

e g we cangetto 6111 2,6121 3,6131 1 by going 2 243,1

If we needan evennumberofsuchpairinterchangeswe saythepermutations isovenandits
sign is 1 or Sgu6 7 i forodd wesayits signis for syn6 1

Ex 6111 2 6121 3,6131 1 is evensinceweneed2interchanges

Now one can show that thefollowingmapsatisfies Dil Dd D31

Theorem Leibnizformula defA Isn EE Atom Azam Au
sun Iaf signofthe then641entry
possible

permutation ofthematrixA
permutations 41or 11

Ex For u L thereis theevenpermutation 6111 1 6121 2 theidentity andtheodd

permutation0111 2 6121 1
So def 1 41 Au Ant l HArA Icoincideswithwhatweknow

If youlike checkthatthis coincideswithour previous computations for u 3 also



Summary Methods to computedeterminants

Bringmatrixinto uppertriangularformbyGaussianelimination thendetis the
productof the diagonalentries

Repeated Laplace expansion

Explicitformulasfor 2 2 matrices and 3 3 matrices Sarris

f Leibniz formula


