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determinants in many dimensionalintegration

lastfew lectures wehaveintroducedthedeterminant extensivelyandhavealready
seen some nice applications linearindependenceinverses systemsoflinearequations
For thenext fewclasses wewilluse determinants againevery nowandthenespecially today

C3EigenvaluesaudEigenvectorImm

let us consider theactionof a matrix or generally alinearoperator on vectors

again

Take the example of a reflection across the diagonal r

L
What is the correspondingmatrix let us checkhow it acts on thebasisvectors

e a
E is mapped to ea so of course thematrixjust

I f is mapped to E e
interchanges x andy

e
p
Alil HIM

So thematrix shouldhave E asfirstcolumnand i as second A f f
Nownote that there are a fewvectors onwhichthematrixacts in a verysimpleway
namelythat it doesn't changethevector expectfor a scalarmultipleTheseare
I and I T letschoosethemnormalized because



Ariff Hit fifita and Aiff i't fit ri

r Iif so wouldn't it bebetter if we writeourvectorsinthebasis
ti't BE E ri insteadof D eiei Thentheformofthe

matrixwouldbeverysimple

let'sdo this Above wehavecomputedthat themap in thebasis 18 has f as
first and ff as second columnvector Agi fo j
Doublecheck A HI of 1 AHH to9141 1.91 EVw B B B

J inthebasis
8 is just 7 It0.5 Recall if D I Ju is abasiswecanuniteanyvectortoes
so Ip f J Eciviforsomeuniquecoefficients q i l n

Wecommonlywritethisas I Ifthebasisis the

standardbasis a EnweleavethesubscriptBaway

Sidenote PleaserecallfromCalculusandlinearAlgebra I howtowritematricesand
Vectors in differentbases

Conclusion Api f F This is such a simplematrixbecausebyconstruction it is

diagonal I And thosearethenicestpossibletypeofmatrices

Todayandlater we explore thisideafurtherforgeneralmatricese.g
Howdo we find vectorssuchas vi for arbitrarymatricesA
Canwe always find abasisinwhich a givenmatrixis diagonal
What can we use it for seevideo on classwebsitefor an application

let us introduce some names first



Definition let A beareal n xn matrix If I c IR Ito satisfies A I I for
some X E IR we call it an eigenvalueof A and I an eigenvector correspondingtoX

Note o Eigen is a Germanword

Theeigenvectors are only determinedupto a scalarmultiple If I is aneigenvector

correspondingtoeigenvalueX thenalso AIcEl cAI cXE Xk I l th eIR i.e
alsoaf foranyCFO is an eigenvector Usually it ismostconvenient totake
eigenvectors normalized1buttheremightbelinearlyindependent eigenvectorsforthe
sameeigenvaluei wewilldiscussthismoredetailed later1
Eigenvectorsandeigenvectorswill comeupagain in ALLofyourmajorsvalves

Nowhow do we find eigenvaluesandeigenvectors for agivenmatrix A
identitymatrix
mWeneed tosatisfy A I X I i e AI X I O i.e FA XI I O

This is just a systemof linearequations It hastheuniquesolution I 0 if andonly
if deffA XI IO But we arelookingfor theopposite namely non zero solutionsE

s A XI singular rankIA iIIen nullityIAXIAO
So wewant det A X I k O snowslinearlydependent columnslinearlydependent

ThisissomepolynomialinX1ofdegreen and weneed to findit's zeroes

For example inthesimplecase A If I above we find

A t I H fo Il Tt and delIA i Il detti 41 5 1
Thisis zero for X I I as wefoundabove

NoteWeknowhow to findzeroesofpolynomialsofdegree2 but fordegrees3 orhigher
thiscanbecomeveryhard or evenimpossible ingeneral



To Summarize

Definition For AEIR and teh wecallPHfdetA XI thecharacteristicpolynomial
of A Theequation deHA XI1 0 is called characteristicequation

Theorem TheeigenvaluesX of AER arethezeroesofits characteristicpolynomial

det1A XI1 0

Ex Findtheeigenvaluesof A 8 iO 1
Wecompute thecharacteristicpolynomial

Pitt deffA XI det yiz HI Hk Ht 6X X't34441

Nowfindthezeroes 0 5435 41 X X 3 41

Xo O and X I I EFF E IE s X 4 X l

The eigenvalues are 0 4 and 1

What are the correspondingeigenvectors Weneedto computethemseparatelyfor
each eigenvalue

ii f Ho o

Yo O
Yo t 6Zo If 3 Yo O Zo O Xofree
Yot 2 to



Xo
Io g forany x t 0 are allthenormalizedeigenvectors corresponding

toXo
Io is theonlynormalizedeigenvector correspondingtoXo

Theothertwo

f it III O t.fi Ii 0 It
4 1 y O

S 3y t bz O
y zz o multiplyinglastrowby131 weseethatbothequationsarethesame

asatleasttwoofthemshouldbeotherwise8wouldbethe
uniquesolutionmeaningwe

wouldhavemadeamistake

pluginto1stnow
s y 2 2 textt 27 O X I 2

now we can choose eg 2 freely and if
desired determineitbynormalization

1

It III 2 forany 2 70 are alleigenvectors correspondingto 4

I I I EFFIE It I z

s E Ei is thenormalizedeigenvector

For X one findsby a similar computationthecorresponding normalizedeigenvector

t.fi



Summary A has threeeigenvalues Xo o X 4 X 1 and

corresponding
normalized eigenvectors to Ff Ei I f

Asyou can see thecomputations canbecomelengthy thoughnothard already for
3 3 matrices Luckily wecanalwayseasily test if our computationswerecorrect

A fo E Il or

A E 4 4 Ei E V

AE fo E ftp.t.f.EE i tr I

Summary Howto compute eigenvaluesandvectorsof an urn matrixA
Find thecharacteristicpolynomialdelIA XI
The eigenvalues are thesolutiontothecharacteristicequation deHA XI1 0
For eacheigenvalue solvethesystemoflinearequations A XI 0 allsuch
non zero I areeigenvectors

Next we will study eigenvaluesandeigenvectors moresystematicallye.g
Do they alwaysexist

Howmany are there

Things we cando with them


