
 

We continue our study of eigenvaluesand eigenvectors Logo
consider an uxu matrix A
eigenvaluesX andeigenvectors I satisfy Ax XI
sothematrixAacts on theeigenvectors in averyspecial verysimpleway
weknowhow to computethem findsolutionsX todetft X I1 0 andthencompute
I's bysolvingthesystemof linear equations AE XI lgivenX

Today letus askthequestionofwhenand howmany eigenvalueseigenvectorsexistmore
systematically andestablishmore properties

Recallthat eigenvalues are exactlythesolution tothecharacteristicequation delIA TIKO
wheredeHA XI Htt is a polynomialofdegreen in X
Sohowmanysolutions are there

Example n 2
5 1 hastwosolutions 1andt 1

X 2 0 has onesolution 2

X 1 has norealsolutionbuttwocomplexsolutions i i recall if 1 wherei isthe
imaginaryunit

Hereare a fewfactsaboutsolutionstopolynomialequations hi 0 ofdegreen lent01

a Thereare alwaysatmost n distinctsolutionsX Xu whichcanpossibly becomplex

bThus every polynomialequationof degree u can bewrittenas
ft x h X Hu X D whereKen each mi eNandEimu n

suchthatthedegreeis
NoteOnecouldalsowrite h Xl Ite X Xu 4 0 without indeedn

Hi at not i sappers



The mi arecalled algebraicmultiplicity

c If X is a solutionthatisnotreal thenalsothecomplexconjugate5 is a solution
As a consequence for n odd theremustbeatleast onerealsolution
Sincecomplexsolutionsalwayscome inpairs Xand I

So if wealsoallow for complex eigenvalues wehave
Thereare atmost n distinct possiblycomplexeigenvalues
Theirmultiplicities alwaysaddupto n
Complexeigenvaluesalwayscomein a pairwithits complexconjugateandfor aoddthereis
always at leastonerealeigenvalue

In thefollowing thingsbecomemucheasier if weassumethat we canalwayswrite

deffAX Il X XI Hz Xl Ha Mm forsomem muEN with mi n

i.e if we alsoallow for complexeigenvaluesXi XuKaterwewill lookat aclassof
matrices thatonlyhasrealeigenvalues

Onecouldalsowritedownexpressions
fortheothertennisbutthesearelet uscollect some morepropertiesof eigenvalues lengthyandnotveryuseful

m
Wehave delIA XI l WHA Aut Ann l H t deHAI

thinkaboutwhythisissousingtheLaplace thisfollowsfromsettin4 0
expansion or Leibnizformula ontheleftandrightha side

Seethe endofthenotes for a more detailedexplanationofthisformula

Butwealsohave dettA XI H XY Ha Hm with miul
l H t lmHtm ht makeIl H t Xiti I



Recall that trA EhAii AutAut Annis called traceof A

So wehave foundO tr A miXi sunofalleigenvalues includingtheirmultiplicities

detA IIhim productofalleigenvaluesincludingtheirmultiplicities

Zero is an eigenvalue if and only if 0 delIA O Il defA ii e Aissingular
let us consider theclassof realsymmetricmatricesi.e ALAI or incomponents
Aig Aji ti j Then alleigenvaluesarereal eg A is IIIIrie

samematrixif weinterchangerowsandcolumns1
Prooffor thosewho areinterested If X is an eigenvalue Eaueigenvector then

AE XI whereXand I mightbecomplex But then mAbyassumption

Tga
o
I E I II I I 1AIl I A ijxjlxi E.Aijxjxii.EEAjixi
I A I I X I X l I12 so I X ie X wasreal

Moregenerally for complexselfadjointmatrices i.e A ATalleigenvalues are
real 1reallyimportant inquantummechanics

SupposeX is an eigenvalueof A witheigenvector I
Then A'I Al AIl A XI X AI I I so he is an eigenvalueofAZ withthe
sameeigenvector

Inthesameway wefindthatXkis aneigenvalueof A
k

What about A if it exists

AI XI so I'LAEKA XI i.e I XA I i.e A I I
I



So f is an eigenvalueof A withthesameeigenvector
Note that weassumed A exists ie Ais non singular ie 0 isnot aneigenvalue so I
alwaysmakessense

let me alsomentionwithoutproof theCayley Hamilton theorem
Any uxu matrix satisfies its own characteristicequationmeaning if PHI isthe
characteristicpolynomial then PIA1 077thematrixwithoakzeroes

apolynomialofmatrices

This cane.gheused to express A in
termsof A

t
thenA intermsofA andso

on Wecouldalsousethistofind a formulafor A intermsof A butletusskip
thishere

Next let us thinkabouthowmany eigenvectorsthereare Thisbringsus tothenextchapter

Extra notes explaining theformula

defCA TI f f H tHn tAut t Aun l H t

let us compute detFA XI by repeated Laplace expansionbutonlykeep
track ofthe terms wherepowers X or X appear we arenotinterested in the
other ones



detonated
Laplaceexpansion
alongainst

Eia out iii

aunt

it

1 l Il Aindeff
Hort terms

HnHdetf.at A Iiimii t Yt tx icoust

nowdo a Laplace
expansion inthe AzzX
firstrowagain An 711Azz XIdeff y

1 it t 1 Xtcoust
andagainneglect
all ternswithpowers
XZorless



repeatthisuntil
nodeterminants A x Au X Ann X t X t t X t const
are left me

uowwemutt.ph thisoutandagainneglecttermswith
powers X or less we get

Au H IAm X C Xl t fAi t Aut t AmI f H t l il
t t Xtconst

so in total weget

det IA II l H t Aii l H t X t t X t const

whichis what we wanted to show

44Eigenspaies

Inthischapter webasicallyjustintroduce some terminologyanddiscussoneinterestingtheorem

In our motivational example wesawthatthematrix A f f hadtwo eigenvalues t T
and K 1 andthatthecorresponding eigenvectors are E t ft forany t 0and

If s forany s 0 So theeigenvectors to an eigenvalue span a wholesubspace

let us make thecorrespondinggeneraldefinition



Definition For an urnmatrixAandeigenvalueX wedefinethe eigenspace

E CAl Ie IR A E XI alleigenvectors correspondingtoX u O
wewantthe0vectorto
beincludedhereeventhough
it isnever aneigenvector

The dimensionof ExtAI is called geometricmultiplicityofX

In otherwords E HI nullspaceof A XI bydefof allspace

Note that E lAl is indeed a subspace ie taking scalarmultiplesandsonsdoesnotlead
outof EI A Why

If I e E Al te IR then AltIl t AI thx Xlt El i.e t I e E HI

If I and I e E Al then AtEvil AI tAE XI thy X l I Il ie ialso
Iti e E CAI

Eg intheexampleof thematrix A fromlast time we found that thereare

threeeigenvalues to O I 4 I l andthatthecorrespondingeigenspaces are

E HI t the IR E ftf theIR Ea ftff ft ER

But eigenspaces mightbetwodimensional orhaveanyhigherdimensionupto u

Considertwoexamples

a A ti l justtheidentity



Clearly thereisonlyone eigenvalue4 1 withalgebraicmultiplicity in 2 since

2detft III deffto Ex1 11 H X XI with X I m 2 alg.muIt

Andclearlyanyvector Ie IR is an eigenvector AI II 1 I and I I istrueforany
ETRY so E IA It1122 is 2 dimensional i.e the geometricmultiplicity is 2

b A fo
HerewehavedelFA XII deffto x Il H

2
so againthereisonlyone

eigenvalue 1 1 withalgebraic multiplicity 4 2 isarbitrary

Then H XIII I il f if I H lEl 8 implies y Ofthe
fol s t tell

secondline doesnot tell us anything1 So E IA f ftfo ft e IR span H
whichis one dimensional so thegeometricmultiplicity is 1

Conclusion Sometimes algebraicmultiplicity geometricmultiplicitybutsometimesnot

However it looks likewhenalleigenvalues aredifferent thenthe algebraicmultiplicity
thegeometricmultiplicity 1 In fact thefollowingistrue

Theorem let Abean uxu matrixwith a distincteigenvaluesThenthe
Fso thealgebraicmultiplicitiesare all 1

correspondingeigenvectors are linearly independent

As a consequence all eigenspacesofA are onedimensional
bso thegeometricmultiplicitiesareall I



So this means that if we choose n eigenvectorsvi in I corresponding tothe h
distincteigenvalues X k tu then vi vii in is a basis

This theorem is somethingweshouldprove

Proof let us call the n distincteigenvalues X X Xu andlet uschoose
n corresponding eigenvectors vi I Jn i.e AI Xiri

Wenowwant toprovethat I I are linearlyindependent i.e whenever a linearcombination

ciri O thenthisimplies a O f i L n In otherwordsnoneofthevi'scan
bewritten as a linear combinationoftheothers
Soletssee wetakesomelinearcombination ciri andapply A to it

A ii civil ftp.i E.cihit

So we need to satisfyboth IIciri O and ECiti I 8
So e g for u 2 wehave c Etc I 8 and cat vital I 0 If wemultiplythe
firstequationby t and subtractit fromthesecond thisgives

E X c E X ai at I a t.ir all talk Buttherighthandside
to sinceX 112

canonlyvanish if 9 0 I was aneigenvector i.e I O Butthenalso9 0
whichproves linearindependence for u 2 Higher dimensionsworkinthesamewayby
justrepeating theargumentabove O


