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45Diagonalizationm

let us comeback to our original motivation If possible we would like to expressa
givenmatrix in a differentbasis suchthat it has a verysimpleformnamelydiagonal

Inordertodothat for an urn matrix A we needthatAhas a linearly independent
eigenvectors Eg lasttimeweprovedthat wealways

havethat if all n eigenvalues
are distinct butthisisnot a necessary conditione.g Ii hasonly one eigenvalue 7

bute.g andI are twolinearlyindependent eigenvectors

Solet us now assumethat theurn matrixA haseigenvalues X Xuandcorresponding
linearlyindependent eigenvectors I in

let usbuild a matrixwith theeigenvectorsascolumns K Vi ri vi

Thenwefind AV Avi Avi Avi incomponents AVis II AirKj
Aintvile

Hi Javi Hi Ii t i

tea all
atixwiththeeigenvalues asdiagonaland

1
Zeroesotherwise



And we constructed V with linearlyindependentcolumns soV has fullrank n and it
is thusinvertible FV s t V k VV I identity

Therefore we couldwrite A K V 1 as V AV A e

This is called diagonalizationof A
Wesay diagonalizes A

Everymatrix A forwhichthisworks is called diagonalizable ie

Definition Amatrix A is called diagoualizable if thereexists an invertiblematrix
such that V AV is diagonal

Notethatthematrix withfullrankI can beregarded as achangeofbasis

let us summarize our findings

Theorem An nxu matrix A is diagonalizable if andonly if Ahas a linearlyindependent
eigenvectors in ri In this case lot V HV andV hi I hi 1

Equivalent formulation Ais diagonalizable if andonly if the sunofthe geometric
multiplicities is u because if thesunisnot u therearen't n tin indep eigenvectors if thesun is n
thenwejustchoosesomebasisineachExIAI Sincethesunofthealgebraicmultiplicitiesisby
definitionalways n wehave

A is diagonalizable if andonly if foralleigenvaluesthe algebraicequalsthegeometricmultiplicity



And wealreadyknow If alleigenvaluesof A aredistinct thenAisdiagonalizable
butnotnecessarily theotherwayaround1

Examples thatwe alreadydiscussedbefore

A fof has oneeigenvalueX 1 alg.muIt 21with E H f Ti i.e geommalt 2
A is aheadydiagonal so it is of coursediagonalizable

A f o hastwo distincteigenvalues It I l So it isdiagonalizableandwealreadycomputed
that f f Oneeasilycomputesthat V fuf t aswell

check v Hr Infill I fifth't N i't t fo Il itin
fo it

A has 3 distincteigenvalues so it is diagonalizable

A f has oneeigenvalue 1 1 butits geometricmultiplicity is just 1 SoAdoes

not have a linearly independent eigenvectors so it is not diagonalizable

Diagonalizationhasnumerousapplicationsinthesciences asyouwill seeinyourmajor relatedclasses

Onesimpleapplication is takingpowersof a diagonalizable matrix A

at V AV A then A VAV



Then A VAV Y VAV VAV VAV t A V where
we
I

rt It
So AkeV f V t

ii e insteadof multiplying a matrixK times computationally

very costly if k or n arelarge weonlyneed tomultiplythreematrices tocomputeA

So for a diagonaltablematrix A we couldeven define eA expIAIby
its Taylor series

et E It Eo YY Ei Vt YE I r

r lEof Ii v e v f e a
u t


