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For some typesofmatrices weknoweven morevery usefulfactsabouteigenvectors
let us firstintroduce a specialtypeofmatrixandthendiscusswhy it isuseful
Hereagain it willbemore convenient toallow formatriceswith complexentries wewill
specialize torealmatriceslater

let us introduce the followingnotation

Definition For an urn matrix A wedefinetheHermitianconjugate alsocalled

adjoint as At FT i.e thetransposedandcomplexconjugatematrix
nottobeconfusedwiththe
classicaladjoint weintroducedearlier

Note OAt is pronounced as Adagger meaningtheimaginaryuniti
isreplacedby i

oInotherwords Atty Aj iandj interchangedandeachentryiscomplexconjugated

Example For A Iii wehave A 2

Wheredoes this come from If we allowfor vectorsandmatriceswithcomplexentries weneed
towrite the scalarproductof I and I as E I EEYi suchthat E I III's 0alwaysrealalsocalled innerproduct

Then I Ail Fifty Ii Ii Aijyjf.EE Atljixiy EfAtxljyj lAtx y
so it is a usefulnotation Aij A



Amuchnicernotation is todefine c I Is Eh Yi Then theequationabovebecomes

I Ayu cAtxEs Itf chapter Theinnerproduct
fromcalcLiuAly I

wecanmove amatrixtotheothersideofthe
scalarproduct if we dagger it

Nowfor thediscussion ofeigenvectors aninterestingtypeofmatrices isthefollowing

Definition An uxumatrix A iscallednormal if AAt ATA

Examples

A fi then AteIT andwehave

Atty IT Hi I I f
GATA Hit I Hi
Ais a normalmatrix

A then Ate I andwehave

Atty it Hii't it
isAta to it H Il
Ais not anormalmatrix

Two remarks

If A is normalandinvertible then A is alsonormal

why 1A IIA It A FA't ATA IAAtl ft'T fA KIA IYA II



Moreimportantly If Ais normal thenso is A XI forany tea
AAtif Aisnormal

Why IATITHatt At II 11A XII ATA IA XAttIX

Att IA AttIt IA TINA tilt
Fromthe secondremark we seethe following
If X is an eigenvalue andI acorresponding eigenvector thenFA XIII D
If A is normal wehave

CAXI normal asnotedabove

t a
0 e I IA XIKA XI Is e I IA XI I IA XIII c H XIII IA II It Is

O

so A XI tx J i.e Atx I I so I is aneigenvalueof At

To summarize If anormalmatrix Ahas an eigenvalueX thenAthasan eigenvalue5

Nowsuppose wehavetwo eigenvectors Ii andIj correspondingto twodistincteigenvalueshi
andXj i.e AIi Xi Ii and AIj Ij Ij with hit Jj

Then c Ii A Ij c Ii Xjx p butalso a Ii Axis eAtx Ip cti Ei xj
Xi c Ii Ij

So O Xjc Ii Ip Xiii xp Xj Xi Ii Ij s so cXiEj mustbezero i.ew
t 0byassumption

Ii and I are orthogonal to eachother
Since eigenvectors arestilleigenvectorswhen wemultiplythemwitha number we canchoose

Ii and I to benormalized i.e Eiand Ij are orthonormal
meaningtheyareorthogonalscalarproduct O
andnormalized normal



Nowone can show but weomitthedetailshere1 that thisevenworkswhensomeeigenvalues
havealgebraicmultiplicitiesbiggerthan 7

In fact thefollowingis true

Theorem An inn matrix A is normal if andonly if it is diagonalizablewith
orthonormaleigenvectors ie A V AV whereV hasorthonormal columns

matrixwhtheigenvalves
ondiagonaland0otherwise

Wehaveproventhis above forthespecialcasewhenalleigenvalues aredistinct butproving
the general case is more difficult

Examples

let us connectthis to thesimpleexampleof A hot fromthebeginning

Is Anormal Here At f o A so surely A A AA AAtii.e A isnormal

Wealreadyshowed that fo lH and fit arethetwonormalized eigenvectors

Indeed they are orthonormal since trill If If I I f l l t l l H f I l 11 0

Lasttime we also discussed that thematrix A ooo is diagonalizable

Is it normal We check
AAt ooo



Ata f HEHE
So Ais notnormal So the eigenvector cannotall beorthonormal Wefound

E o span I Ex spanf f i EI span

Theseare clearlynot orthogonal toeachother


