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Finally let us briefly discuss oneof themostimportantmatrix decompositions bothfor
theoryandapplications Itworksfor any mxn realor complexmatrix letusherejust
statethe decompositionandthen findouthow tocomputeit

Theorem

Any mxu matrix A has a singularvalue decomposition SUD A UEVt where

U is a unitary mxmmatrix

V is a unitary urn matrix and

E is an mxn matrixwith only non negativevalues a i.e Gi201 on thediagonal
and 0 s everywhereelse I.e E soon form u 2 4 Em for men

2 Fia for m u

The Gi are called singularvalues of A and they are uniquely determinedbyA

Now letus assume A U2Vtasabove andlet us seehowtofindfirst E and then
AandV recall ABIBtAt

Wehave ATA U2 rt It cuzut E ut t ata 2ut te t

IT ITiceUnitary

andsimilarly AA I la zvtllu vtlt u utfvtyt tute.azetat



z 2
Here 2 E is an urn matrixwith a Gr onthe diagonal 1k min1min11 and
2 It is au mxm matrix with a ou on thediagonal i allothermatrixentries

are 0
And ATAandAtt areboth Hermitian So they can bediagonalizedwithunitary
matrices Thetwo equations above areexactly their diagonalization ATA VEEVt

AA tu EEtUt

6,7 ai are the eigenvaluesofboth ATAandAAti thelargerofthosetwo
matriceshas additionally Imul eigenvalues 0

The orthonormaleigenvectorsof Atl arethecolumnsof V

The orthonormal eigenvectors of AAt arethecolumnsofU

This is howthe singularvalue decomposition canbe computed

Examples are a bit lengthy since wehave to diagonalizetwomatrices Somesimpleexamples
are in thenoodle exercises

But one caneasilycheckwhether agivendecomposition is au SUD e.g

f Y sr IE IT holds and aandVan unitary

F T F TT
and 2 haspositivevalues on the diagonal



Thank you for a nice semester good luckwithallof yourexamsand

I'm looking forward to seeing you around andin otherclasses in the

following semesters

Don't forget to fillout the teaching evaluations


