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Today operatorsbetweennormedspaces

motivationshouldbeclear for us it is eg Hamiltonians or propagators

In n dimensions there are notjustbounded butalsounboundedoperators

Definition3.76 let andYbenormedspaces Alinear operator L I Y is

bounded if I can with lkxllu.EC lxH Vxe E
W w

HomonY normon

Proposition3.17 Thespace SIE YI L Y L linearandbounded with

sup IlLxHy is itself a normedspacenom Illllgix.ie are
HH 1

If Y is a Banachspace also SoI Y is a Banach space
notnecessarily

Proof Hw 5

Why arebondedoperators so interesting Becausethesearealsothecontinuous ones

Andsincewedealwithlinearones it is enoughtocheckcontinuityat 0 I

lemma3.18 let L Ybelinear 1 Ynormedspaces Thenthefollowingstatements

are equivalent Lil Lis continuousat 0
tiil L is continuous
iii1 L is bounded



Proof Iiiit lil let11M O lILxnH 11411hm11 0
bounded continuityat0

lit Ii il letHimxH so 111 1 14 Itiha 111 I 0
ii I iii suppose Lnotbounded then3 a sequence Hulu with IK I 1

and Ill x It u true N Defining zu µ
then IHull YI y et ie

zu so But Hull 1 whichcontradicts continuity1atol oY y

What dounbounded operators look like Muchmorelaterherejusttwoexamples

Define lo x In e e 3 News t Xu O KusN withthe norm
actuallyjustafinitesum

11 XulaIle II lXul Define T lo lo X HTx xn2K 3 3
1 for k uBut if e'Ih is thesequencewithet o otherwise

inparticular He 11 1

then 11Te ll n i ie T is unbounded

Asymptoticmomentumoperator idkout Clearlyfor Yet iff4 neednotbe inL

Eg L KoDl thenfat x Teiloyl since Ixft'dx Sixtd 2x I 2
But riftfixK il Il x Eet l toD since I ixEl'dx x Edx Ix Elodoesnotexist

Inthelastchapter wedefinedoperators on S bydefiningthem on a densesubset
andextendingthembycontinuityThis canalsobedonehere1fullyrigorous

Theorem3.20 let 2 be a densesubspaceof a normedspace andletYbea
Banachspace let L Z sYbe alinearboundedoperatorThenLhasauniquelinear
boundedextension E Y with Etz L and 11Ells y 1141gizy

EandLcoincideou2ofcourse



Proof Theideashouldbeclear usingcontinuity we fill in thegaps
choosesome e then7 sequence zulu in 2 withHz x1 0

Iusingjustdensityof Z in i note Xe is fixed no completenessnecessary

zu u converges zu u is a Cauchy sequence

Ill zu Lzully fillzu zu1Ily Elklls IHu zuHz ie alsoKzulu is a

Cauchysequence in Y SinceY is complete Lza s y eY

But is thisy independentofthechoiceof sequence
Yes if 11z x I 0 alsothesequencefz.it zazazazi convergesto and

as above44Lt IzzLei converges to someEEY Buteverysubsequenceof a
convergent sequence converges tothesame limit

so wedef Ex y withthis construction Hells y ell lHuay
linearityclear land1141say cHills y clearbydeft
boundedness 11ExHy Eigg11Ltally E 1141say 1k continuous

in
c1K11gzy

112mHz

andcontinuity on a densesubsetimpliesthatthisis theuniqueextension 0

Now e g extensionof theFouriertransformfromS to L follows as asimplecorollary
let us firstnote

Theorem3.21 CflRdl is denseinLPIRD lepas



Proof FromHW3 Problem3lb weknow that con is densein Cowr t HHip
Weusedconvolution theseto densityisdefinedw r t anorm orgenerallya topology

smoothenout formollify f eLp
a subsetmightbedensewr t onenormbutnotanother

It is also astandardresult that co isdenseinLPwhichimpliesthatcowisdenseinLop

Thenwehave

Theorem3.22 TheFouriertransform F 1511129 11Hanna L'HRD can be

uniquelyextended to aboundedlinearoperator L L

Furthermore oHFf Ila HfHa V fell

FF f F ida

Ff k fig Hel E f e
i
flH dx f f e L

w kkN
Elimitnotpointwise

Proof Cfc Sc L sowithThem3.21 also S is dense in L2andwecanapply
Then 3.20

Also FF f F f Is idols butsince F F id continuousequalityholds
onL

limit formula followsdirectlyfrom Hf fHe HfIla let usdenote

fr Ixl fix1Hero 1 1 Thenfigg1 Iff Ffu11 41 1If full O o
w
1 for lXkN
o else

Note one canofcourse use anyothersuitable limitformulaforexplicitcomputations
so even for functions L wehavedefinedSHHeMdx


