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let us discussthefreepropagator on l again Inwhatsensedoes 4111 17HIYosolvethe
freeSchrodingerequation

let us checkdifferentiabilityin t I Y th IlPeltthtYoTfHIYoHI
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Whataboutexistenceofthedistributionalderivative IS

I 14HI IS F e
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Conclusion If K2414e L fi e also k 4THe i ft thenKittsolvesthefree

Schrodingerequation Kt intheL2sense

let usdefine thecorrespondingspaces

Definition3.28 let me The m th Sobolevspace is

HmRd f eLYTRd Hk4 I e ilNdl

Notes By Cauchy Schwarz thecondition HKYEfelilted isequivalentto
Ie ElRd and IHm I e IlRoll



OnecanshowthatHYTRYwith norm 1If It and 111It kYEFfIleana is
a Banach space andwithscalarproduct ofgamma SfmHtKY of1kidK
aHilbertspace NoteOtherequivalentchoices arepossibleI

Wecouldequivalently define multiindex

HYRd fe Lynd daffelicited the Nod Ial em

Here 04 isthedistributional Ialsocalled weak l derivativeWhatdoesthismean2
First recall that for f eEHRDl Tf E SRd Also foranyT E SHRD
0 4 is definedby 141gI TH il Eng kg eSHRM In particular
recallthat 0 9Tf Toff for f eSHedl
Now for f e i 11129 wecandefineTfESHRD and OdTfE S ftp.d If
there is gel41129 suchthat 0

4
Tf Tg we write
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andcall it weakdistributionalpartial derivative

Notethatwiththisdefinition it isnaturaltodefinethenorm

11fthimpay Emo riflepd
Similarly toabove wecouldthereforeevendefine forany me112

HmlRd It E S11124 measurable Hk4 I e ilNdl
Thesespaces are sometimescalledBesselpotentialspaces
Another generalization is theW Phill Sobolevspaces herefor kerf lepers

W Pftp.d f eCPIRd Idf e LkRd forall lale k
So W H2 Similartoabovethese canbe turnedintoBanachspaces butonly
for p 2 intoHilbertspaces



The connection to continuityanddifferentiability isthefollowing

lemma3.37 Sobolevlemma Gt eeko and f eH41124with m etft

Then f E C41129 and Pfe CioRd H Klee

Proof HW6 Problem3

NoteThe condition m etE is generaltusharp ie I f eHnHedl s t f acellRd
for meet

Example For f EH11121 we find 1 et I i.e f e Colt Soany f eHHRIwhich
a prioriisonlydefined almosteverywhere isactuallycontinuous i e definedpointwise

In1123 weneed atleast felt411231 toconcludecontinuity

let us getbacktothefreepropagatorPf IR SKY t t.PH F e i tf
Ithasthefollowingproperties

a PfIH is unitary V telR asnoted inlastsection

b Pf is stronglycontinuous 1asnotedinlastsection

c Tf is a grouphomomorphism PfFHPf1st F e
i tf F e i Sf F e

i It t Pfft s
Fat ER

d For Yoel 4HI PfHtYosolvesthefreeSE inthesenseofdistributions asnotedbefore

e ForYocH2cL 4111 17HIYo solvesthefreeSE in theLZsense asnotedabove



Next recallthat we areinterestedintheinteractingSchrodingerequationwith Hamiltoniansof
the form H f t V Therefore weputwhatweknowabout thefreeSchrodingerequation
in a generalcontextWemake the connectionbetweengeneralunboundedoperatorsH and

objects like thepropagator KH PHIKo withthefollowingtwodefinitions

Theproperties a H c are fundamental i e alsopropagatorsofany interacting SE
shouldhavethemThuswedefine

Definition3.30 A family UH teIR ofunitaryoperatorsUHI e 111 iscalled
stronglycontinuousunitary one parametergroup if

someHilbertspace

i U IR SoCHI t 1 UH is stronglycontinuous

iil Ult ts UCHUH tf se IR l inparticular Ulol idget

Motivatedbyproperties d e wemake theconnection to the Schrodinger typeequation

if 4 At H4HI Generally It is an unboundedoperatorwith somedomainDlH1Butit
will beveryuseful andindeedgeneralenough if DlH1 isdense in H So HDlH1 H
but He generally notdefinedfor aElDlH1

i.e Hnotnecessarilybounded

Definition3.31 Adensly defined linearoperator H TthDHH iscalled

generator of a stronglycontinuous unitary groupUHI if

i DlH1 4eH t t UH4 is differentiable

ii For 4eDIHI wehave iffUH4 UlHH4
in

weshowbelowthatthis HUHY



So Ho It with DlHol H'HRD is generatoroftheunitarygroupPfHI
letuscollectsomeimportantpropertiesof generators

Proposition3.33 let It be generatorofMHThen

il NHDlH1 DlH1 ft i.e DlH1 is invariant underUH

iil EHUHH4 0 the DlH1 where ABI ABBA isthecommutator

iii His symmetric i.e cH4 a c4He H e Ye DlH1

it U is uniquelydeterminedby H and HisuniquelydeterminedbyU

Proof HW7


