
 

last time wedefined stronglycontinuous unitary oneparameter groups
05427020

andtheir generators Thiswasmotivatedbyourknowledgeof thefree
Hamiltonian H f andthefreepropagatorPfHI F e

i t E

HwithdomainDIHI H11124 is generatorofPfH1 Nowlet us giveanotherexample

Example Translationoperator

let usconsiderTHI Il Rl L 11121 whereHH4 txt 41x t

Wealreadyintroducedthisoperatoron S asthepseudodifferentialoperator e
ittilt So we

would
guessthatDo iff withdomain DIDol H11121 is thegeneratorofthe

stronglycontinuousunitary oneparameter groupTHI This isindeedso iproofinHW7

Howcan wedefinetranslations on Ito 131 as a unitarygroup Unitaritymeansisometry
surjective so if weshift outon onesideofTom it needstobeputbackonthe
otherside

some 1412

Solet us define for tefoy andsomefixed phasefactor cto24

Taffy
44 t it x te 10,13 4 Toyet
04Ix t i11 if x t co I 1 I
shiftedoutontheleft I 7
the 1putsitbackin

Thephasefactor0 is just anextra freedom wehave
TheTodefinedabove is clearlyunitary and wedefineTo forall teIRbythegroup
property giventhedeffor te foil leg if t.seTo4 thenToisdef on 10,2 by
TeHist T IHTold



Now for 01 0 wehaveToHl ToIH at I FO ie asoperators To tTa Soaccordingto
Proposition3.33 in their generators arealsodifferent Buthowcanthatbe Tostillonly
shifts soshouldnot idfbethegenerator Theanswerisyesbut iadcanhavedifferent
domains ConsiderDo DID I il oD 4ns iffy withdomain

DID e YeHYEQi ei04111 4101
W w w

indeed4isdefinedpointwisebecause

H11914 4CLYLo.is FceeHYR oftheSobolevlemma H11121cCIN
s t Heon 4

ThenwehaveToH1DlDol D IDo checkthis andDo is thegeneratorofTe

Conclusion Wehave tobeverycarefulwithchoosingtheright domain

In practice wewouldoftenliketochoosethedomains small eg verynice1regular
smooth

functionsButif thedomain istoosmall theoperatormightnotbea generator In the
example above min 4E H'toH 4101 0 4111 isnotinvariantunderanyTo so it is
nota generator So then onehastoenlargethedomainButnotethat wecannotnecessarilydo
thatin auniqueway In the exampleabove Do sDuin tfQE192r sothere aremanypossibilities

Also one cannot enlargethedomain toomuch Intheexampleabove Imax H l 9131
isagainnot a generator sinceit is not invariantunderanyTo

Thiswillbethe tradeoff onehastobecarefulabout in applications

One moreremark letus checkthesymmetry onthedifferentdomains necessaryconditionfor
generatorsaccording to Proposition3.33 iii



For YeeHYE911 we find c4 iffy 141 I i yalldx
integrations
byparts i l41119111 41014101 t e iff4 y

Weconclude idfnot symmetric onDua H't9111 boundarytermsdonotvanish so

idaywith domainDmax isnot a generator

on Da andDurin idf is symmetric boundary termsvanish ButouDuinit
is not a generator so symmetry is a necessarybutnotsufficient condition

In orderto get a necessaryandsufficientcondition weneed torefinetheconceptofa
symmetricoperator The right classofoperators areselfadjointoperators whichinparticular
aresymmetric

Asa sidenote infinitedimensional Hilbertspaces symm andselfadjointoperators arethesame

RecallfromlinearAlgebrathatany self adjointmap AIA forthematrix1 generates
theunitaryoneparametergroup e

itA This canbeeasily seenbydiagonalization I



3 3 Self adjoint operatorsmmmm

Recall the generaldefinitionof theadjoint herefornormedspaces

Definition3.38 letVaudWbe normedspacesandAe SNWl Thentheadjoint
operator A W V lwhere V'andW arethedualspacesofVaudW1 isdefinedby

AIw ul w CAH k veV

Note Foranynormedspace V thedualspace V is a Banachspace evenif V isnot This is so
becauseelementsof V arecontinuous i e bounded operators V Cl andCl iscomplete

Icf Proposition3.171
A e f lw V l duetothedefinition
With theHahnBanach theorem one can showthat in fact 11A11gw HAHarw

Hilbert spaces are particularly nice because H isisometrically isomorphicto H 1Wealready
noted that LP EKH f i f 1 inHW3 so L 544 So for AeSHH we

would like to identify theoperator Ae fHe4with an operator on H let us firstestablish
this connection thenwe canintroduce thenotionof selfadjointness

Thekey theorem is

Theorem3.3g The RieszRepresentationTheorem

6TH be a Hilbert spaceand Tete Then thereis aunique4 e H s t

The cultesse ka e H



Proof MaybeyoualreadysawthisinRealAnalysis

First if The1 0 thee te thenF Oand 14 0 istheuniquevectorinthetheorem
Otherwise wewant toshowthat T istheprojection ontheone dimensional subspace spanned

bysome4T
So if we considerthe kernel M Ker T ceete The1 0 a closedsubspaceof tl
sinceT iscontinuous weneed toshowthatMt is one dimensional If M H i e dimM 0

then4 0 so let us assume dimMt O

But thisfollows directly fromlinearity let 4FeMtl 03 Thenforae e

T 4 a44 THI a TIEl so for a wehaveT14 a47 0 i.e

4 aFe M so 4 ateMrMt 03 and 4 247 unique III E Etgif
Nowwe can uniquely decompose withTheorem3.151 any le centcent cent IT
foranyUTEMtl 03 andthus

Then1 0

Thef Then t III EH II THT c III I a ii e 4 III F o


