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Last timewediscussedcriteriaforself adjointnessandessential LIpril29,20320

self adjointness of a denslydefinedsymmetriclinearoperator lH DlH1
Wefound that

fit His selfadjoint s tiil H is closed and KerlH it O

iii I imCH ti l te

fil His essentiallyselfadjoint s tiil KerlH ti o

s iii im Heil H

Today we will dealwiththepossibility ofmultipleselfadjointextensions as wehad

forDuin i Forthat we need tolook abit closer at KerlH it andimIHtil
Note that Ker H if imIHtilt bydefinitionofH't The dimensionsof thesespaces
have names yeKerH Ii I s H fily O s elH Iily43 0theeDlH1 s cyCHIil43 0KYeDlH1lyeDat11

Definition3.82 Gt H DfHHbe a densly definedsymmetriclinearoperatorThen

Lt Ker H Ii I inCHtilt are called deficiencyspacesofH
e N't dimL't arecalled deficiencyindicesof H

So essential self adjointness s N N 0 H in1Htil L

What wewant toshownext is that existenceofselfadjoint extensions s NIN
butnotnecessarily O



These canbenicelystudiedwiththe followingmap

Definition 3.84 Gt H DfHHbe a densly definedsymmetriclinearoperatorThen
we define its Cayley transform U imHeil imH il as U H i11Htil

Note U is clearly surjective

U is alsoisometric since

HU411 11U Htile11 111H ilcell teeth 111Heilcell 11411
c
bydef4 1H ilie
forsome4

Now let us skipthe details andjustgive asummaryofmainresult concerning the
Cayleytransform This is

lemma3.86 Thereis a one to one correspondencebetweenthesymmetricextensionsofH
andisometricextensionsof its CayleytransformU

Then the followingalsoholds

lemma3.90 H self adjoint s Cayleytransform his unitary on H

These two lemmasimply

Theorem3.8g Hhas selfadjointextensions NE N

Inthis case theextensions are parametrizedby u eUINT ftheunitarygroup i.e unitary
nxu matrices



Weskipped theproofsbut let us lookat examples

Duin iff on te LYEOD with DlDui I Cob110,111 Wealreadyfoundbefore
that ce.ee eD1DmE HKoD so C span a ie N N 1 So
Dminhas self adjoint extensions parametrizedby A111 i e multiplicationwith e

Translations on thehalf line letDean if ou te L Earl withdomain
DID.com Co9l9wl Integrationbypartsshows thatDean isindeedsymmetric
and DID noI HKoroll Now consider t KerDainFil ie weneedto find
solutions to

DE e if a I i e

Theonlysolutions are e e Now a EDIDE since it goesto 0at no Thus
t

span e J and N l But a isnot evenin L kouh so L O andN 0

Therefore Danshas no selfadjointextensionsThismakes sensebecause it is clearly

impossible to define a unitary
group
of translations on Ito roll

Butnote that I on LYLo.nlI canbe defined as a selfadjointoperator so the
Schnidingerequation on thehalf linemakes sense aswewill seeshortly

Finally let us mention averyuseful criterion to checkwhether Nt N Forthisrecall

the following

Definition3.93 Ananti linearmap C te ite meaningthat Cla4 91 2441 441
is called a conjugation if 11C411 11411 Hye H and C idie



Examples Of course complex conjugation 41Hts 41 1 is a conjugation

For Diracspinors 4 e LCIR a41 thatcomeupin relativisticquantumphysics
4CH y 4kt forany 4x4matrix j with j f id is a conjugation

Thenit follows relatively straightforwardly that thefollowingholds

Theorem 3 95 von Neumann theorem

let H DlH1 be adenshe definedsymmetriclinearoperator If thereis a conjugation C
with CDIHt c DlH1 and CHie HaeKyeDlH1 then NEN ie It has

selfadjointextensions

Examples Dean idf on Cfltonsildoesnotcommutewithcomplexconjugationandin
factnotwithanyconjugation
But I onCicco.nl does commutewithcomplexconjugation soindeed it
has self adjoint extensions

Thelast technical tool that weneed is theresolvent This is a veryimportant
operator especially in spectraltheory but it willalsobe usefulfor us here

Recall that for nm matrices A we definedeigenvaluesX andeigenvectors It 0 as
solutions to AI X I i e IA Il I O Theseexist if IA t is not
invertible meaningdid

This we can generalize to unboundedoperators



Definition 3 97 let IT DH be a linearoperator on H Thenwedefinethe
resolvent set e T z e E CT El DCT1 H isbijectivewithcontinuousinverse

For z E pITI wecall Rz T T z e f All theresolvent of Tat z

The spectrumof T is 61TI IC le ITI lthecomplementoftheresolventset

We differentiate further

al g IT zee T z is notinjective is called thepoint spectrumandany

2 e g ITI is calledeigenvalue of T

b a ITI ZEE T z is injectivebutnotsurjective buthasdenseimage iscalled

thecontinuous spectrum

c GrCtl 2 EG T z is injectivebutnotsurjectiveandtheimageisnotdense is

called residual spectrum

Before we discuss examples let us vote thefollowing

Theorem 398
T closed s e ITI ZECl T z DH H isbijective and for

2 E p ITI wehavethat T H H HIM HIbn l is bounded

T notclosed eCTI 0



Proof If T is closed IDID 1111pct is complete i e a Hilbertspace Andby
definition T LDN HHatI H is bounded infactby 1 in norm
HT411I e lIT411Iet1141Ife 411,5

Nowonecan use theopenmappingtheorem let A X Y be a continuouslinear operator
whereXY areBanachspaces If A is surjective then A is an openmap i e it mapsopen
sets into opensets

Sohere if T z DlTt IlHatI tl is surjective it isalsoopen So if T z is

bijective thenCT et H Dhl IlHoa1 is continuous preimagesofopensetsareopen

Forthesecond statement one can show0TH0 T closed I felt It 0 thenthere
is a z e e s t theresolventRz T H DCMexists Usingthedefinitionofclosedness
one can theninfer thatT isindeedclosed let usskipthedetails 0

So for closedT we donotneed the requirementof continuousinverseinthedefinition
of pITI andthus 6 T 6pct VGcT Vor T

theyaredisjoint

Andfordimflan T e injective T z surjective so 6ITI opID theeigenvalues


