
 

Session2
Asexample let us consider the positionoperator I 14 1 to x 14 1 Kay4,20240

withdomain DCII YeEHR x 4He 171121

Whenis theresolvent E H I bounded Need2e EHR so 614 112

Now for ten I X has denseimage wecould forKeillR just use

QuH In H i e x thentxt 41 1 cIHR

So I hasonly continuousspectrum 617 644 112

Notethat thesameholds truefor the momentumoperator f idf since f FIE

and T z bijective UIT HU 1 bijective forUunitary

Next let us establish moreproperties oftheresolvent Afterthat will putit touse for
thequestionof self adjointness especiallyKatoRedlichl

lemma3 100 let IT DITIl be adenslydefinedlinearoperatorThen

a PITI is open i e i 61T is closed

b Themap pITI Site 2 to RzIT is analytic
1l

i e it canbewritten as RzITI o H 2ol eRgz4y for some 2oEeITI withnonzero
radiusof convergence

c For Te folH1 wehave IH E11TH the colt andthus 6 IT is compact



d Thefirstresolventidentityholds for z we eITI wehave

Rz ITI Rw ITI E ulRuttIRzITI

Thus inparticular RnITIR ITI Iz ITIthITI i i.e theresolvents commute

Proof The proof uses the NeumannseriesfromHomework8 Problem3

htt let TesolXl with11THol andX a BanachspaceThen l T is continuouslyinvertibleand

11 TI k EET and 1111 Tl Hell 11Thl t

a let zoe IT andchoose2 s t Iz z l c11Rz It1It Then

T z T z tHoH IT zo l Iz Zo R oITI Since11GaolRaoHillc7by

assumption 1 1 tells usthat I Iz a RzIT1 is continuouslyinvertible and thusalso

T z Soalso2 eelTl

b This againfollows from1 1 With the samenotationas in a wehave

RzITI l Iz HR Ml tRzoIT I Iz tol R ITI

c If Iz Is 11TH then HEHc 1 i.e I E is invertible andthusalsoT z so
2 E IT So 2 EpIT Iz l E IlT Il



d Wecompute Rz ITI Ru ITI RzITICTulRnITI R ITI lT HRnITI
id id

Iz wtRa ITIRu ITI 0

Self adjointoperatorshavereal spectrum andthereis a simplebandfor theresolvent

lemma 3 102 let It beself adjointThen 61H1CIR andfor zeal112wehave

H H Ite limit

Proof let us write2 Himwith 1 µ ER ut O Then isstillselfadjoint
withthesamedomain and thuswithTheorem3.78

H z

o kerfHI it Ker H t in so H z is injectiveand
H z

H im f il imH so H z is surjective

So H z DCHI H isbijective
H z

Furthermore 111H t in14112 11IH 11411 t Hu411 s n 114112 so

with 4 1H H g we find that 111H H Il e Fm 0

Note One can actuallyshowsomethingstrongernamely that 111H H II distfaulty



Finally let us stateKatoRellich Theideais that we oftenconsider operators
H HotV where weknowthatHo is selfadjointwithdomainDIHo andwewantto
knowwhetheralso It isselfadjoint oftentheV's are suchthat theydonotdisturb
DlHot toomuch ie theydonotintroducenew boundarypointsForexample Ho Sand
V forthehydrogenatom

Definition let A B be denslydefinedlinearoperatorswithDIAla D1131andsuch

that there are a bseO s t

BaHeaHAell t bltell thecDIAL Then B iscalledrelativelyboundedbyA

for Abounded and theintimanover all permissible a is called therelativeband

If therelativebound O B iscalledinfinitesimally Abounded

Note In Homework 10Problem4 we showthat one can equivalentlyaskfor

Bell eaiHAell't5114112i thisleads tothesamerelativeband

Finally

Theorem1KatoRellich let Abeselfadjoint B symmetricand Aboundedwith

relativeband a c 1 Then A B is selfadjoint on DlAtB DIALand

essentially self adjoint on every core of A

Proof Nexttime


