Jacobs University September 15, 2021
Fall 2021

Foundations of Mathematical Physics

Homework 1

Due on September 22, 2021

Problem 1 [4 points]: Integrals with Parameter
Prove the following lemma that was stated in class. Let I' C R be an open interval and

f:R*x T — C such that f(x,v) € L*(R?) for all fixed v € I'. Let I(7) = [pa f(z,7)dz.

(a) If the map v — f(x,7) is continuous for almost all z € R? and if there is a g € L'(R?)
with sup r [ f(z,7)| < g(z) for almost all 2 € R, then I(v) is continuous.

(b) If the map v — f(z,7) is continuously differentiable for all z € R? and if there is a
g € L'(R?) with sup.p [0 f(2,7)| < g(z) for almost all z € R?, then I() is continuously
differentiable and
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Problem 2 [4 points]: Integration by Parts in L!
Let f € L'(R) N CY(R) with f' € L(R).
(a) Show that f € C(R).

(b) Show integration by parts for g € L*(R) N C'(R) with ¢’ € L>(R), i.e.,
[ s@rads =~ [ g@sia)da
R R
(c) Show that this implies that f(k) = ik f(k).

Problem 3 [4 points]: Smoothness and Decay of the Fourier Transform
Let £ € N and f € LY(R). State (for each case separately) sufficient and preferably weak
conditions for f which imply that

(a) fe C'(R),

(b) SUPger

K F(k)| < o,

(c) fe LY (R).



Problem 4 [4 points]: Fourier Transform of a Gaussian
Let a € C with Rea > 0 and f : R — C defined by f(z) = e %**/2. Show that f € S(R) and

o~

f(k’) _ a—1/2€—k2/(2a)'

Problem 5 [4 points]: Bosons and Fermions
We consider two non-interacting particles in one dimension confined to the box [—%, %], with
periodic boundary conditions.

(a) Consider just one of the particles, and find the ground state y(z) and first excited state
¢1(x). (The time-independent Schrédinger equation is By = —3Agp.)

(b) For fermions, the 2-particle ground state is

wfermion(xlny) — % <g00($1)§01($2) - gpl(xl)gp()(x?)) .

Consider also the bosonic state with the same energy (which here is the first 2-particle
excited state)

1

Vhoson (T1, T2) = E (900($1)901($2) + 901(3”1)%00(352))-

For each of these two states, what is the probability that both particles are on the same
side of the box, i.e., that both particles are in [—3, 0] or in [0, ]?

(c) Compute the probability above also for the bosonic 2-particle ground state.



