Jacobs University November 26, 2021
Fall 2021

Foundations of Mathematical Physics
Homework 11

Due on December 3, 2021

Problem 1 [6 points]: Fermionic reduced density matrix

Let Uy € L2(R3*Y) be antisymmetric in 2y, ..., 7y (fermionic wave function). Prove that the
one-particle reduced density matrix vy, satisfies ||yy |z < N7
Hint: You can use that

|Allz = sup (g, Ap)

peL?,pl=1
for all non-negative A € L(L?*) (where A is called non-negative if {p, Ap) > 0 for all p € L*.)
Then show that S, p? is a projector on antisymmetric L*(R*N) functions.

Problem 2 [7 points]: Energy conservation
Let (t) € L*(R?) be solution to the Hartree equation

Z%g,( £) = —Ap(t) + (v % |o(B)]?)e(t)

for bounded even real-valued v. We assume a solution exists and ¢(t) € H*(R?). We define
the energy

E(p(t)) = IVe®)II* + % /(v «o(t)]*) (@) [o(t, z)[* da.

Prove energy conservation, i.e., that E(p(t)) = E((0)).

Problem 3 [7 points]: Term (I1])

For any symmetric ¥y € L*(R3Y) and any ¢ € L*(R3?) with |[¥x| =1 = ||¢|, and v € L™,
prove that

(W, pEpE0naal o W) | < 3ol (a(Wn, ) + N 7).

Hint: Symmetrize the term, i.e., write

(U, pfpfviagf g W) = - (P, Zpl pvnglaf U),

and then use Cauchy-Schwarz in a clever way.



