



































































































































Foundationsof MathematicalPhysics JacobsUniversity Fall2021 Session5

Prof SorenPetrat Sep17,2021

Recall wedefined Pind find e ftp SlfixliPdxbe a

Remarks

TIM f nd e afilm FafÉÉÉÉ
mm

Note one can showthat plinyIlfIlp If Il felon L9 forsomeg

For all lepers LPMd areBanachspaces i.e completenormedvectorspaces

if oneidentifies functionsthatagree
almost everywhere always assumedI

really LPMd arevectorspacesof equivalence classesof functions

Only Tal is a Hilbertspacewithscalarproductcf.gs fIgTBanachspacewithnorm givenbyscalarproductii e I IfIl's c f f
Nowwe can define theFouriertransform on L

Fouriertransformoff as Icut Ff k art I fly e
it dx

NoteWedonotknowyetinwhatsense F istheinverseof F

Next we want toknowaboutregularityof f lie continuitydifferentiability
needtotakederivative of integralwithparameter



lemma2.2 IntegralswithParameter

let Ifl a flag dx with f Rdx T 0 where TCR anopeninterval

and let fixyl e L lied for all fixedyet
a If y to fixyl is

continuousforatÉÉxend
and if I get lRd withguy Ifixyllegal for a a xend

then I ly is continuous

b If y to flag is continuouslydifferentiable Fxend

and if I g
e c lRd with

gyp If fixyllegal Keri
then Ifl is continuously differentiable and

daff f fixgdx a offityldx

Proof AW Usedominated
convergence

Note Commas likethisone are oneofthemainadvantagesof Lebesgue over Riemann

integral



Weneed tointroduce more notation

amultiindex aero d is a topel fan dal djEko
Wedenote In tf aj andfor xend x x xid I

0

oil did

craft t s
C nd fucked smoothfunctions In oftencontinuouslydifferentiable
Colpd Rd continuous functions

Co RM f e C Td Iihf
Sometimescalled

moreexact Ig III fall 0CoMdt

CLARY Card n f supp f compact functionswithcompactsupport
suppottoffTintedcompact closedandbounded

Where doestheFouriertransformon L mapto Weknowthefollowing

lemma2.3 Riemann Lebesgue

f e L lady f e Cn Md

Proof f e L Md recall flk art f fetid x
Scout inK for a a X
G p fateint Ifall e c lRdI continuouswithlemma2.2

decayat is relativelyeasy to show followslaterfrom a moregeneralresult



Next a classofverynice functionswherewe candefinetheFouriertransformas
a bijection

Definition 2.5 Schwartzspace

Wecall the E vector space

sad f e Cla Aflla en fmultiindices apenod Schwartz
space

spaceofsmoothrapidlydecayingfunctions Here

Ilflap 11x'OffAlll IU lx fall


