



































































































































Foundationsof MathematicalPhysics JacobsUniversity Fall2021 Session12

Prof SorenPetrat Oct13,2021

last time Westartedto compute IPI e T 141tall'dx inthe limit

to given toRd and for 44 x the solutiontothe free SE with
initialcondition410 1 4011

We computed UH x Eff 411 rt tix with r it x FIT I 1
I2 willathleteKHANEYEE hely et 1 Yolyt

I 14Mt EEL IIEll'd
EdSII Ell'dx frittataRet FEI Heldt

changeof f IplIdp f Ihelpl'dp t 2Reftolpl helpldpVariables

p

i
Plancherel

I 1h lyidy
CauchySchwarz

8 bydominatedconvergence
integrand 0pointwiseandboundedby4141e L

We thushaveproven
Theorem2.42

let 4ft xl bethesolutiontothefree SE withinitialcondition 4 ES lettendbe
measurableThen thyIP I et 1 1,141till'dx 1411pil'dp



Remarks

Recall 41tox1 F e
i tf Yo x so Iltok e

i toYo k

IEltul l le i tofolk 4lull soTheorem2.42 is independentofchoice
of initial time to seesession9

Also For Yo a txt 4 x all at Yo x we find
1Ya k FYoalk e

inkYolk Yolk so Theorem2.42 is

independentof translations

Expectationvalueof asymptoticmomentum

I Sp1411pil'dp SElp pfolpldp S 4am 1 i0141 til dx

c4,74 where it iscalled momentumoperator

let us next discussTheorem2.42 from thepointof viewof scalinglimits

Consider macroscopicscales Etc andE te for small e le o later

Ifeverysmall x needstobeverylarge IIe isorder 1 for x oforderE

Then41tix 4IEÉ t e Y It Il wherewehavedefinedthe macroscopic wavefunction

4 fix c d4 E E forconvenience we forgetaboutthetildeinthenotationfrom
now on

Fort x order1 YisevaluatedatmacroscopicallylargeEE
The e

dfactoris includedsothat 114Hilly 114Ei'll a 1141la

j
t YE El

it 4 It x at it 4ÉE

EYE I El EI411411 III ENHEE



itYett E f Axl41tix ied 4 tax EA 4 Hix

Recallthat in St units theSE is itof4Hat Em1,4Hit so formally

Ig is thesame as fig whichpeopleoftenconsideralthough t isa physicalconstant

Ourpreviouscomputationthenreads Yettix t.lt t IIEI
SIrlEiyll'dy sO

i e Tolpl istheasymptoticmomentumdistribution as e 0

Next we establish a moredirectconnection to velocity

considertheprobabilitydensitypyltx IYH.tl

dealtit I 14AM EYAH KHA t 44 x 94Hall

I f 14AM YHA E 44 x f A44 1

I
since men

I putDjy 0 continuityequation Notealsoholds if if4 144V4withVater


