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3 The Schrodinger EquationwithPotential

Next wewanttounderstand the Schrodinger equation

if 4Hit I 4ftx1 VIX 44 x HUHN here Utimeindependent

Note FouriertransformationtunsVinto convolution noteasy tofindsolutionsfor O

Since141tall is a probability density we want tounderstand the SE on C

For the free SE wehad 1141tilla 114cal if 4101e c andthatshouldalso

holdfor V O

Ideas thatwewilldevelop inthis chapter

As we havedone for thefreeSE wetry tomakesense of e htt for a largeclass
of V s t we can define 4It e

int 410

We regard L as a subspaceof S s t theSE holds in thesenseof distributionsbut
hopefully it alsoholds on at leastfor someinitialdata

First we wanttoembed thefreeSE in theC framework so wediscussHilbertspaces
landoperators on them in general andthenhow to define F c

3
IHilbertandBandhhdjmmncau.ly

sequenceconverges

Recall Banachspace Comptenormedvectorspace oranyotherfield

Hilbertspace Banachspacewithscalarproductcan text E's t 11411 cat
Convention CX4 e I 4es antilinearityinthefirstargument



Examples 0 with oxygen É Y

e with case ÉTY

Mint forsomemeasurespace Mint with cheese 4144Aldu

let us first provesomestandard properties
Inthe following let tebe a Hilbertspace

Definition3.3Asequence gl in H iscalledorthonormalsequence ONS if ca ill fig Fi j

The followingpropertieshold

orthonormaldecomposition K Ge te 4 I cej.lt a j t 4 I caj4 Uj
EE Et

with aYuYat cYu 4 Yu Yuks c4,4 Écej.kscej.lt EY 514Egg
ai Y

O

4,4 cYatYatYatYat ckuku t ctuttut

Besselinequality 1141122Ékaj4 I V ke th ne k followsdirectlyfrom

orthonormaldecomposition c4,4 2 YuYu

Cauchy Schwarz ka4 tellall 11411 Ka ked followsfromBessel for

u 1 O Ell

Polarisationidentity forcomplexH



ca K I Ilet411 le 411 il leti411 title i411 Ky Kele

checkbydirect calculation

Next somebasicconsequencesof theconceptof orthonormalbasis

Definition3.7Asequence gl in H iscalledorthonormalbasisONB if 4 51cap4 y theH
W

meaning114ETces4 6,11 80
NoteWithZorn'slemma everyvectorspacehas abasis in thecontextof infinitedimensional

IR or a vectorspacescalledHamelbasis meaningeveryvectorcanbewrittenuniquelyas

a finitelinearcombinationofbasisvectors recalllinearAlgebra ThusONBs are
a differentnotion butobviouslyitmakesalotofsensetoalsocallthembasis

Consequences hereH is aHilbertspaceand a an ONB

Thegeneraldefinitionof separabilityfortopologicalspaces istheexistenceof a countable
densesubsetBythisdefinition one canshowthat aHilbertspaceisseparable iff ithasanONB

Proof ETla tib u New ajibjeQ isclearly a countabledensesubset

of a complexHilbertspace

suchthattheremaining ailing arestill crit butstill spanJie H
recallthatfor is dimvectorspacesthis

The
remaining

basiscanbemadeorthonormalby IÉIdlinearAlgebra



Notes Inthisclass we are onlyinterestedinseparableHilbertspaces
Examples of non separablespaces

tensorproductvigorouslyintroducedlater

Gmore fromphysics infinitespinchain EE G reasonthinkofthetwobasisvectors
inQ as Oand1 thenbasisvectorsinthe
infinitetensorproductareallQ1sequences
butthereare asmanysuchsequencesasreal
numbersI

em Iboundedrealsequences is a non separableBanachspace

morefrommath spaceofalmostperiodicfunctionsA I completionofX where

X f R e f t getsit s ER ejectnerdwithscalarproduct

fig L II fit gAldt eist set is anuncountableorthonormalset


