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Éfomedspaces
Recall Alinearoperator L I Y is bounded if its operator norm

114
7,11

all is finite

Why are boundedoperators so interesting Becausethesearealsothecontinuousones

Andsincewedealwithlinearones it is enoughtocheckcontinuityat 0 I

lemma3.18 let L Ybelinear EYnormedspaces Thenthefollowingstatements

are equivalent i is continuousatO
Iii L is continuous

iiit L isbounded

Proof iii it let11h11 0 112 1114.1 O

it ii let lx 11 0 11in call iiiiii 111É
at

iit iii suppose Lnotbounded then I a sequence al with Ilx 1 I Knew

FIFTY'S

forsome Defining an Fay wehave

Azul YETeat i.e zu O But IKzulkK 1 1 whichcontradicts

Notebyusingsubsequences rescalingtheindex we couldevenuse cluku



Whatdounbounded operators look like Muchmorelaterherejust one example

Define lo xu e e J News t xu O tu an withthe norm
actuallyjustafinitesum

Il alaIle ETH DefineT lo lo X HTx x 2x 3 3

But if le isthesequencewith el
for
O otherwise

inparticular He 11 1

then 11Te ll n i.e T is unbounded

Inthelastchapter wedefinedoperators on S bydefiningthem on a densesubset

andextendingthembycontinuity butwedidnotfullyprovethis This canalsobe
done here forbounded continuousoperators

Theorem3.20 let 2 be a densesubspaceof a normedspace I andletYbea
Banachspace let L Z Ybe alinearboundedoperatorThen Ihasaunique linear
boundedextension E Ywith Iffy and

11Ensley 114s lay

Proof Idea using
continuity we fill in thegaps

Choosesome x e I then I sequence zu in Z with11zu x 0

IusingjustdensityofZ in i note xe is fixed no completenessnecessary

zu u converges zu is a Cauchy sequence



Ill zu Lzall tillzu zu Illy ellLllsay I zu zuIle i.ealsoKzulu is a
Cauchysequence in Y SinceY is complete Len y eY

But is thisy independentofthechoiceof sequence
Yes if I zu xIly O alsothesequence za ti zaza z z i convergesto x and

as above z Lt LeeLei converges to someYeY Buteverysubsequenceof a
convergent sequence converges tothesame limit

So wedef Ex y withthis
construction

IElla y EllL sIzYl
linearityclear I land till size ell ills y clearbydef
boundedness licitly 11,451.4 I six 11 1 Econtinuous

andcontinuity on a densesubsetimpliesthatthisis theuniqueextension O

Now eg
extensionof theFouriertransformfromS to L follows as asimplecorollary

let us firstnote

Theorem3.21 ColRd isdenseinLPMd lepan
smotothfunctions

withcompactsupport

ProofFromHW3 Problem3lb weknow thatCT isdensein C w.r.t.ll.tlp.me
Weusedconvolution there to densityisdefinedw r t anorm orgenerallya topology

smoothenout or mollify f e P
a subsetmightbedensewart onenombutnotanother

It is also astandardresult that C isdenseinLPwhichimpliesthatCI isdenseinLP

by a triangleargument O



Thenwehave

Theorem3.22 TheFouriertransform F Stadt 11 llama L Ird can be

uniquelyextended toaboundedlinearoperator L c

Furthermore o Il Ffl la liftla f fell

FF F F id

Ff k tiny tart J e fly dx tf e l
Ixion

timitinotpointwise

Proof Cc Sc L sowithThem3.21 alsoS is dense in L andwecanapply
Thin 3.20 Note F SHillel L isindeedboundedsince IIFfila little

Also FF lg F FI idols butsince F F id continuousequalityholds
onL

limit formula followsdirectlyfrom IIFfila liflla let usdenote

filth
fityggjf.int

henhis llff ffulkh.glif full O o

Note one canofcourse use anyothersuitable limitformulaforexplicitcomputations
so even for functions L wehavedefinedSfate it dx


