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Last time WedefinedFouriertransform F L C land F c c usingthat

F SMHal c is bounded i e continuous and thatSis densein L

Note that I L c is a unitary operator

Definition3.23 let th H beHilbertspaces Alinearboundedoperator UeSiththat is
calledunitary if it is surjectiveandisometric isometric

meaning 114414 11416 KYeth

Note injectivefollowsfrom116411g 11411 sounitaryoperatorsarebijective

withthepolarizationidentity isometry preservationof innerproduct
cU4Maze cheese V4teeth

Having F C C we can now solvethefreeSchrodingerequation on L

Forany teth the freepropagator on L is Pf t nd c'ad Pelt f e
i tf

PfItt is clearlyunitary let 1 1and F isometric forany te IR

To talk about continuityand differentiabilityofPelt i.e ofPf R 117

we need todistinguish differentnotionsof convergencefor boundedoperators



Definition3.26 let Hulubea sequence in Site andAe Site

a Au converges in nom or uniformly toA if King11An Allsse 0

Notation II An A or An A

b Aulaconvergesstrongly or pointwise to A if him11A4 A411 Of Ye te

Notation SII AnA or An A

c Hulu convergesweakly toA it ti Ice IA A14 1 0 Ke Ye te

Notation Y11An A or An s A

Note Ice AuA 4 1 Ellall 111AnAl411 Hell1141111AnAllsay

so how convergence Strongconvergence Weak convergence

But theotherwayaround isnottrue comeupwithcounterexamplesinHW7Problem2

let us now check continuityand differentiabilityofPf R f Il

Uniformlycontinuous 11PaItth PattiIlga sup11PaItthePattlela
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problemsHus CgpateiIIE.ITl1Mullgyy llVlln

2 for all h 0

So fig11PaItth PattiIlga 2 i.e Pf t isnotuniformly continuous

Strongly continuous 11Pelt1414 71114.11 1144th Kittle
IIF leite i h e

iEt It 112
f e ith I II lull'dk t O

If bydominatedconvergence
YeL E Yea

i e Pf t is strongly continuous on L e 4 t iscontinuous t Yoe c

Stronglydifferentiable
Pf't4140 Pt'tto 1144th

4Hill
h

g e ith i II lull'dk

Ein
butdominated

convergenceonly applies if K Yolk l is integrable i.e KYolkle l

Pelt is stronglydifferentiable only as an operator on H Yet vk.lkle c
I

i ePfHH c414 is differentiableonlyfor4 e It

Andfor 4 e It wehave

it
ist EITI tIIIII i.ITin

distributional ThefreeSEholdsasequality
of L vectors



Conclusion For YoeH Kitt solvesthefree Schrodingerequation ft intheEsense

If I Yo4H then 4 t solvesthefreeSchrodingerequation inthesense

ofdistributionsonly asnotedbefore

WesummarizetheimportantpropertiesofPf t Thesewillprovide a good frameworkto
definepropagatorsalsofortheinteracting Schrodingerequation

a PfItt is mitan ft e IR

b Pf is stronglycontinuous

c Pf is a grouphomomorphism

Pftipis F e
i tf f e i f F ti It's F Pf tts ks ten

d For Yoe L 4 t PfIttYosolvesthefreeSE inthesenseofdistributions

e ForYoeH c L 414 PfIttYosolvesthefreeSE in the L sense


