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let us putthespaceH'in a moregeneralcontext

Definition3.28 let me The m th Sobolevspace is

HmlRd f eLYRd HKY f eCindy

Notes By Cauchy Schwarz thecondition It k f e L ted isequivalentto
feed and IKit e c ltd this Eunan

Onecanshowthat It ad with norm Ilfllama IllitKY FfIleana is
a Banach space andwithscalarproduct ofgamma effin 11th gladk
aHilbertspace NoteOtherequivalent

choicesofnormscalarproduct arepossibleI

HIM f e L'M If elated KÉÉÉÉ la em
Ifisthedistibutionalderivative

Similarly toabove wecould define forany meth

HmlRd Ie SRY I measurable HKY f e Llady

Thesespaces are sometimescalledBesselpotentialspaces



Another generalization aretheWhPAdl Sobolevspaces hereforKero leper

WhP Ad f e PlRd If e Pla forall lale k
SoW H SimilartoabovethesecanbetunedintoBanachspaces butonly
for p 2 intoHilbertspaces

The connection to continuityanddifferentiability isthefollowing

lemma3 37 Sobolevlemma let lek and felt ird with m et f
Then f e cecal and d f e Cn Ird flake

Proof AW7 Problem3

NoteThe condition m etE isgenerallusharp i.e I felt ltd s t f e c lRd

for meet

Example For felt R we find I ette i.e f e CR Soany felt R which

a prioriisonlydefined almosteverywhere isactuallycontinuous i e definedpointwise

In IR weneedatleast felt in toconcludecontinuity

ÉYÉÉÉÉthÉÉÉpertiesofthefreepropagator ltl theseni
provide a good frameworkto definepropagatorsalsofortheinteracting Schrodingerequation

a PfItt is mitan ft e IR
b Pf is stronglycontinuous



c Pf is a grouphomomorphism

Pftipis F e
i tf f e i f F ti It's F Pf tts ks ten

d For Yoe L 414 PfIttYosolvesthefreeSE inthesenseofdistributions

e ForYoeH c L 414 PfIttYosolvesthefreeSE in the L sense

Next recallthatwe areinterestedintheinteractingSchrodingerequationwith Hamiltoniansof
the form H It V Therefore weputwhatweknowaboutthefreeSchrodingerequation
in a generalcontextWemake the connectionbetweengeneralunboundedoperators It and

objects like thepropagator 414PHIY withthefollowingtwodefinitions

Theproperties a bl c are fundamental i e alsopropagatorsofany interacting SE
shouldhavethemThuswedefine

Definition3.30 A family Ult tell ofunitaryoperatorsUttle 111 iscalled
someHilbertspace

stronglycontinuousunitary one parametergroup if

i U IR Site t ts Ult is stronglycontinuous

ii Ult ts UtiUls Ff se IR inparticular alot idse

Motivatedbyproperties d and e letus maketheconnection to theSchrodingerequation

if 44k H4 t thismopeastorisunbounded

ForthefreeSE 14 is onlydefinedfor YeH i.e 1 H's L Moregenerally let
us consider boundedor unboundedoperatorsH Dlitl H whereDettloff is thedomainofH
WewillrequireDlHl tobe dense note It is dense in L



Definition3.31 Adenslydefined linearoperator It withdomainDIA c te iscalled

generatorof a stronglycontinuousunitary groupUlt if

i DlA YeH t t UH4 is differentiable SEholds asequalityofvectorsinHfor

Ii For YeDit wehave if4144 44144 1
D

weshowbelowthatthis ItUltly but aprionweonlyknowhowtoapplyItto4

So Ho IA withDitto H lRd is generatorofthe stronglycontinuous unitary
oneparameter

groupPf t

letuscollectsomeimportantpropertiesof generators

Proposition3.33 let It be generatorofUlt Then

i Utt DIHI DIA ft i.e DlAl isinvariant underUH

ii ItUlt 4 0 KYe D IHI where AB ABBA isthecommutator

iii It is symmetric i.e c It4 a c4He V e Ye DlAl

in U is uniquelydeterminedbyH and it isuniquelydeterminedbyU

Proof HW 8



Example Translationoperator on L IR

let usconsiderTHI L IR L IR I whereHH4 HE 41x t

WealreadyintroducedthisoperatoronS asthepseudodifferentialoperator e
it fit So we

would
guessthatDo if withdomain DID I H IR is thegeneratorofthe

stronglycontinuousunitary oneparameter groupMtl This isindeedso iproofinHW8


