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Lasttime For Ae 814WI wedefinedtheadjoint A WisV by
IA w rt w Art Eve V

RieszRepresentationThu Te te Tle c4,4 HyeH for aunique
4 E H

Today we will discuss boundedgenerators forwhichwehavesimilarresult asinfinite
dimensions Nexttime wewillsketchresultsfor unboundedgenerators ase.grelevantforthe
Schrodinger equation

Riese tells usthatelementsof te canbebecanonicallyidentifiedwithelementsof H

Corollary3 40 noarbitrarychoices continuityof
egofbasis

J te te 4 su con is a Foil antilineartitiandaintiest
duettanticeanty

Ii InIIIIT.name

Withthat we can identify A canonicallywithan operator A on H

Definition3.41

For Ae SH we definetheHilbertspaceadjoint At Jesse AÉjÉ j



SometimesA issimplycalledadjoint or Hermitian adjoint andin thephysicsliteratureit is

oftendenotedAt Adagger

let us collect a fewpropertiesof AttFirst withRiesz wedirectlyget

Proposition3 42

For A e SH wehave 4Ay CA 4 a K Y yell andthispropertyuniquely
determinesA

Proof By thedefinitions wehave

a4Ay D4 Aa A134161 25 A'J4161 A 4161 A 4 y

Also a t okAy is continuousandlinear soduetoRiesethereis auniqueyeH s t
c4 Ae ay les Koete so y A 4 is unique O

Beforewe continue a fewmorestandard propertiesand an example

Theorem3.43 For A BeSoAll andX ed wehave

al AtB A B IXA IA
b AB B A
c HA All

d A A
e HAA IFYAAll I All

f kerA imA It andKerA limAlt

Proof AW al bl d followdirectlyfromdefinition dl el fl areshortcomputations



As an example considertheleftandrightshifts one

Therightshift is Tr e e lx x Its 10 x xu Then

C X Ty FI Xi ITry i if XiXi É XinYi cTYx y so I Te where

Te is theleftshiftTe e se xuxa I t XzXz

Note that Tr is isometric111511 1111 butnotsurjective so it isnotunitary

Wehave I id but IT id so I is nottheinverseofTr whichisn'teveninvertible

Basedon thisexample let usmakethe followingniceconnectiontounitaryoperators

Proposition3.45 U e f te is mitan if andonly if UE U
stjectivetisometric

Proof I Wecompute c u u4 4 y ca u4 as c4 us

cUyUys c4 y s

c4 us c4 e s

O K 4 ee te so U'tu id

sinceU surjective Uu u U implies UU id so U U't

If u u thenUissurjective

Isometry cUyUys ca a46s cu a4as c4 as o

Backto theadjoint Aniceclassofboundedoperatorsis the following

Definition3.46 Ae Site iscalledselfadjoint if A A



So for Ae He wehave Aselfadjoint É c4Aes cA4 e f Yeete i.e
Ais symmetric

Thedifficultyfornexttimeis that forunboundedoperatorssymmetrydoesnotimply
self adjointness

Nowwe canmaketheconnectionto generators

Theorem3.48 let He Site beself adjointThen e
ittt E.ci

ttl
n
defines

a unitary
groupwith generatorH with

domain Datt H Moreover

A IR SoHel t t e
it t is uniformly differentiable

Proof AW Sketch

Welldefinedness showthat É II is a Cauchysequence in soHel norm
Groupproperty directcomputation

Vuitarity Carefully compute c e e
int y tofind e

t
ishowit equals e

int

Uniformdifferentiability Needtocheckonlyat t 0 why Estimate4111 Iid LittIlla
Schrodingereq clearfromuniformdifferentiability

Sofor bounded It we canmakesenseof e it t410 beingthesolutionto if441 14111

For unbounded Hleg It containingdifferentialoperators we willhave a similar connectionbut
thedefinitionof selfadjointnessis moresubtle


