



































































































































Foundationsof MathematicalPhysics JacobsUniversity Fall2021 Session22

Prof SorenPetrat Nov17,2021

4 Mean fieldDynamicsforBosons

4 A HartreeTheory
Epling

constant

Weconsiderthe Hamiltonian Hn É l I I Eff u x x andthe

associated many body Schrodinger equation if Elt H 4th withY.tteCYiR3y

andYet x i x YetHonc tow I KoeSn ISn symmetricgroup all permutations

of 11 N byesymmetric bosons

The choiceof I as couplingconstant iscalled meanfieldlimit It describesweak
interactionandis a simplemodelof a BoseEinstein condensate BEC

Wellposedness

WithKatoRellichandHW10 wefindthatHuis selfadjoint on DIII H'CITY

if v R IR evenand v v t vewith une c first we Clint wewrite ve C't o

Inthissection weaimatstudying the dynamics ofinitialdata Y n_
forsomeat e L ite

Suchinitialdatamean that all particles are iid distributed

Wehopetoprovethatalso Kutch x x 11at xi forsome alt e L IR in the

limit N n






































































































































Whatequationshouldhold for alt

Idea let Xi be an id randomvariablewithdistribution latex1

Then I II ulXi y should
convergeto Sdx uh yl Ill fu leti ly

as N w accordingto thelawof large numbers

Thus we guess i felt it Salt x t 4 1en I HeHit
he't altil

This is calledHartree equation It is a nonlinear PDE andoneexampleof a
non linear SE NCS Thus our previous wellposedness resultsforthelinear SEdo
not applyWecomebacktothequestionof wellposedness later

Butnotethatformally

Ilettill cattlettl fettleHls teeth fettle

assuminggene Fickett
4 1941146111 eh icettl l settle leaflet

andHemilettlet 0 integrationbypartsand u letter

so Ilattilla 11610111 as forthe linear SE






































































































































Inorder toprove Kutchi x x 11at xi weproceed in severalsteps

Step 1 Type of convergence

Definition 4.1

For ye c Hello 1 wedefine theoperator p Cllr't CR't X ca top and

99 1 pidentityoncars
For aY5 11 i N wedefinepj Itsy yay by

PjYul la xu 6Xj Saly Yalta ixj.myXiu xudy and IF I pi
identityonCam

The followingpropertieshold

lemma4.2

Foranyyet withHella 1 j 71 N wehave

i pig e 810111237 with11pills 1 119 lls
ii pig areorthogonalprojectors P te te is anorthogonalprojector it PEP P
liii pig 0 Iris 1 0 for all j k and rise pig

Proof
ii ok pg4 fda dxn Xanax alxjlJdyele41mi Yi in

Sdx dady aly ply that not41mi in in
Sdx dy dxnelylfdxjeltjlaxn.in 41mi in it
cpi t 4 so pi pj

























