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1Functions

1 1 NumbersandPolynomials

Topic 1 1A NumbersandRootsofPolynomials

Mostbasictypeof numbers thenaturalnumbers K 12,3,4n

thesetcontainingtheelements11213.4

Note Intuitivelyclearwhat It is butin Mathematics IN can bedefinedbythe
Peano axioms

Thekey operations on IN are addition t l andmultiplication11 These are

commutative atb b a IforallElementof
a b b a

Ikin inthenaturalnumbers

assortative at lb a latb t c

a lbat table tab c e IN

distribfive a lbtch abt ac ta b c er

Next Weextendthesetofnumbers whilekeepingtheselawstrue



a Netral elements

The ne tralelementofultiplicationis 1 since l a a taek

Theneutralelementofadditionis 0 since Ota d taek
8 InotanelementofAl

Howdoes0act in mltiplication Fromthedistributivelaw wehave

bluff batbo i.e we have ba batbO i.e b0 0

Wedefine No O U IN 0,112,3
FunionofsetsL isdefinedtobeequal

blSolvingEquations InverseOperations

Consider at x b I forgiven ab eko It cannotbesolved inNo if a b
Needto introduce negativenumbers for a c IN we define a astheobjectthat

satisfies at a O

Thenwecansolve 1 1 x b t ta k b a

Wedefinetheintegers I Nu O u IN

Consider ax b for abe It cannotbesolvedin I ingenerale.g 4x 3

Definemultiplicativeinverse for aftp.goo
wedefine I as theobjectthat

satisfies a 1 1
Wewriteof a f
WedefinetherationalnumbersQ F act be 03



c RootsofPolynomials

Definitions Wecall
fine

thenthpowerof t sumover fromo ton

Wecall pix an x t an ex t tant t do g x

a polynomial Here doan an are given
numbers Koeffilients and

x is a variable for argument

Wecall n thehighestpowerof x with nonzerocoefficientI the
degreeof thepolynomial

Example pit x2 2 3 la 1 a 2 a 3 is a polynomial of degree2

Definition Therootsof a polynomial are thosevaluesof x wherepix 0

For degree n 1 Xt do O x do

headmenhavealreadydividedbythecoefficientan

Fov degree n 2 x't anx a 0 quadraticequation

II.FI
ta 0

x E El do

Xt I tyga
f a then x or x op

x EILERT



Note For aax ax ta 0 we find x dit aita.at
292

We call D an 4am thediscriminant

Issues If DcO thenthereis no solutionin Q Need complexnumbers nexttime

Even if I 0 theremightnotbe a solution in Q

Example
2 2 x IR Weclaimthat Be Q

Proof Bycontradiction Suppose D Im with u men

Then m D n

s m RE n

MIT Allprimefactorsof n appear an evennumberoftimes
Oddnumberofprimefactors
Contradiction

prooffinished

Numberssuchas rat are calledFatimidsththaveaninfiniteandnot
eventuallyperiodis decimalexpansion e.g F 1 11421 whilerationalnumberseither

have a finite e.g 23 0.15 or eventually periodicleg17 0.13999 0.1351

decimalexpansion

Irrationalnumbers fill in thegaps in therationalnumbers

Wecallthesetof all rationalandirrationalnumbers therealnumbers IR
alsocallednumbercontinuum



Note Therealnumbers are qualitativelydifferentfromtherationalnumbersandtheir
construction is non trivial SeeAnalysis I I
E
g one important

difference

O is countable I t

III
4

14

IR isnotcountable Thereare morethan countablyinfiniterealnumbers


