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2 Derivatives

2 1 Introduction to derivatives and their properties

Topic 2 1 D Theorems of differentiation

Theorem f a b IR diff able at
e a b

f cont at

Proof lim fath f x lim h 84th f
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f diff ble I



since f diffable at x

king fix th f x
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with fig f x f x as f x independentofh

reminder f cont at t ftp.flx flt

fine f x f x 0 king floth flo o

Note As mentioned before f continuous

in general does not imply f diff able

e g f x x at 0

sharp change of function

Diff able functions are even smoother than

continuous functions
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Theorem f a b IR diff'able

Suppose f has a maximum or minimum

at some c e a b

Then Y c 0

MY g Fcc o

n
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Note f x o does not imply that f has a

Max or min at x

Eg f x
3

J x 3
2

L o o

yet f is increasing and does not have a max

at x 0

Proof of theorem If the max of f in ai

is taken at c then floth fl to

take h 20 take ha o
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Rolle's theorem

f a b IR cont diff able on

aib f a f b

I ceca b such that f'd O

ite

In words A nice function f has a

root of f between any two
roots of f i.e if flat f b 0

Fc f c o

Proof If f is a constant then the statement
is true because f O on aib

Otherwise as f is continuous it
must have its min and max on a b



must h e els i n

and at least one of them lies inside

of a s and not at a orb as

f a f b which cannot be both min max

Now we apply the previous theorem
By

Def We say fly hasg
critical point al x

f f x O
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Rolle's theorem

f a b IR cont diff able on

a b f a f b

I ceca b such that f'd 0

What if flat tf b

We have to use a different function
fcb



fcb

Thts

b

ga f x I fcb flat
Ia I O

x b Ita d

g a flat g b f b feb flat
flat

gla g b

Take derivative grey fly
f b flat
b a

Rolle's theorem I ceca b s.t g'd o

Lice
fcb fca
b d

average rate of changeinstantaneous
on interval aprate of change

Mean value theorem MUT



M n e c

f a b IR cont diffable on

Ca b 7 ceca b s t fol flatb a f'd
In words If f is nice the average rate

of change over an interval equals the
instantaneous rate of change somewhere
within the interval

Ex f x en x f x f

en ien 1 t d for c e G H x A

en x

Since csn it follows for c 1 en x x n

Since cax it follows for c x en x I

I cen CH e x n

encx
ny x 1 1 I

t



t
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Important consequence of MVT

f a b IR diff able with f x to Ko

f is increasing decreasing on aib

i e whenever x c x2 i xn Xz E aib
we have fan Ef x2 f x f x

This can be adjusted to the case when f x o ko
f is strictly increasing decreasing
although it is not actually necessary for f x so

everywhere if f x 0 at some distinctpoints f is
still strictly increasing

Ex f x x x 1 f x 3 2 1 0 HER

f is strictly increasing as f x 0 i

it can therefore have at most one

real root

Since Ling f x o fine f x o it has



exactly one root


