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3 Integrals

Topi 3 C DefiniteIntegralsandtheFundamentalTheoremofCalculus

So far Indefiniteintegral wasjust a notation forantiderivative

NowDefine thedefiniteintegral via limitandgeometricalmeaningandthenprove
relationshipto antiderivatives

Idea For f Tab R we approximatetheareabetweenthegraphoff andthex axis
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Definition

Let f labl IR becontinuousexceptpossiblyat a countablenumberofpointswheref
hasjumpdiscontinuitiesThenthedefiniteintegralof f over ab is

IfAldx himInflxi.nl It Axe Xi at it x



Note Thelimit canbedefinedwitharbitrary partitionsof Taib and canexist

for a largerclassof fat s thanstated This is called Riemannintegral
andtherigorous

construction is done in Analysis I

The fat fix 1 for Xe D
O for x etna

fwmsession7 is anexampleof

a fat thatis notintegrable
For thestatedclassof fat s thelimit alwaysexists
It is independentofthechoirof evaluationof f intheintervals xi xi Ax
andof thechoirofpartitionofCab aslongas it getsfiner
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The followingpropertiesofthedefiniteintegralfollowdirectlyfromthedefinition
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Furthermore wehave

Theorem

letfig ab IR be integrableThen

lil If f 20 then I fix dx 20 ClearfromdefI

Iii If f2g then I fixdy z Ightdy From lil for f g
insteadof f I

Iii it fix dx If I fix dx From lilbysplittingfintopositiveandnegativepart

livl If f is continuous thenthereexists z tab s
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IntegralMeanValveTheorem

Proofof in see exercise question session

Next Connection toantiderivatives

FundamentalTheoremof Caliul's FTC

Let f ab IR be continuous Then

lil Ill If It It is an antiderivativeof f
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Proof
lil Wecheck
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Examples
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limitsofintegration
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Note By the FTC I Ifaidx F bl flat

I
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bymeanvaluethen
ofdifferentialcallus

Meanvaluethem s of differential andintegralcallts are relatedviatheFTC


