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4DifferentialEquations

Topic4A CommonOrdinaryDifferentialEquations

In many applications we aregiven arelationbetweenfunctionsandtheirderivativese.g
Newton'seq m III Flail

Herelet us discussthecasewhereonly thefirst derivative is involved

Definition

For somegiven f nation f we call if fly it t a firstorder

ordinary differentialequation CODE

If It fly t noexplicit t dependenceof fl we calltheODE autonomous

If I flyti g t forsome fat g wecalltheODE separable

GoalFindfunctions yAl thatsatisfyaf fly it t forgiven f
Averyimportantsolution technique thatworks forseparableODEs is

Sol tiontechnique Separationofvariables

For fly get a solutioncanbefoundbyintegration Jfkdy IgladxYo



Note Thisworks if f andg are
continuousand fly 0 for ye Yoyh

Yo yit I initialcondition

Formally Bringally'stooneside all t's totheother andthenintegrate

of flight Ifgltidt SEEfgitidt I
Next a few important examples

Exponential Growth

It Xy withparameter XER separableandatonomous flyl Xyight1 1

rateofchangeofy is proportional toy

Examples o epidemic I p grate
coefficientforrecover

Etransmissionratecoefficient

Ylot Yo initialnumberof infectious

For X 0 numberofinfections is increasing
X co numberof infectionsisdecreasing

radioactivedecay X co

generally
unrestricted

poplationgrowth forX 0 inthismodel

Sol ti on af Xy 5 dy Idt
In next

Mylittlelayit hey L It assumey 0

InYI Xt s II ext yIt yoe't withy101 4

Note Generally one integration constanttherey I is determinedbyinitialconditions



Note DoublingtimeTa time it takesfor y todouble

y Ta Yoe 2yo 2 e Ta 4
If X 10 wespeakof half life e.gradioactivedecay

limitedGrowth

Growthmightbelimited e.gbylimitedfoodsupply e.g fishin a pond

Growthshouldstop once y k is reached k environmental
carryingcapacity

Of'Iy life if y

this iscalled logisticsequation

Separationofvariables J thydy ftdx t

1 1 11 FEET III partialfractions

B A O A B andAK 1 A B I

I in y dy t Y tdytf dy
f my1 tukall h ly

m m m t.nl a Y



Solutionisgivenby birth Y Xt

It Ey ell a

stillneedto solve KY a i p dik pl ak ay Italy ok
y Ea k gt

kYAK
myexit in two foryo201

Note Initial condition ylt ol II p Yo

We could now plot yIt to discusshow it behavesfordifferentinitialdata

B t evenwithout anexactsolutionwe can discussthequalitativebehavior

Recall our ODE g Xy 11 E
for yo 0 94 0 y H O f fro

checkwithexactsolution Htt to
OV1

foryo K ft O yHI k tf so

checkwithexactsolution pitt in aYeti KV1

Thesepointswhere I 0 are called equilibriumpoints



Then fortarget
when

yo k I c O i.e y is decreasing pit k

when
ye10k of 0 i.e y is increasing yal K

when yo O I O i.e y isdecreasing yItt is

This yields thefollowing qualitativesketch

ahh

É

is att t t

t

NoteHerethesolutionisunique sotwosolutioncurvescannot cross

Two more examples

I y withinitialconditionyh1 1

I di Idx s f x ht gift t t 1

YH
yltl 21 fr

s ahbehavioris called blowup at f 2

st

Suchblowups can appear if LHSofseparationofvariableshas singularities there fi



I F with ylol Yo

I Indy Stax 2y't t HI ftp

yh Itf

E.g if yo 0 y Itt

But y H O isalso a solution

In fact forany a 0 in I II isalso a solution fory101 01

Sohere thesolution forthesameinitial condition is not unique

Reasonis againthesingularityof it


