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6 Matrices

62 Solving systems of linear equations

Topic 6.2 A Systems of linear equations

Take the system of linear equations

z t 2 3 74 1
X x x 4 4
x x2 X y 2

2 2 3 3 x 4
7

This can be written in matrix form as

0 A 2 A

a 1 11

n n o



11

ME Ix Fb
So a system of linear equations is a matrix

equation of the form A x b
also called inhomogeneous equation for b 0
with x the vector of unknowns

Suppose x and
y are two solutions i.e

Ax b and Ag b

Take difference Ax Ay b b

A x g 0

So the difference vector x y v between the

solutions satisfies
A v 0

the homogeneous equation with

right hand side equal to zero

Vice versa if u solves Au O and

solves Ax b then If
y x Xu solves Ay Attu Ax TAU

b



b
the inhomogeneous equation again

Thus The equation Ax b

i has a unique solution iff Av O

has only
one solution v O

ii Otherwise Ax b a
may

not have a

solution at all
or

b has many
solutions

that form a line

plane or hyperplane
i.e n dimensional

plane
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6 Matrices

6 2 Solving systems of linear equations

Topic 6.2 A Systems of linear equations

How to solve systems of linear equations

We can perform elementary row operations
on the full system
a Re order rows i.e change orderof

equations
b Multiply rows with a non zero scalar

i.e multiply equation by non zero number

c Add a multiple of one row to another

adding subtracting equations
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Example from before

1
I

X E
Use augmented matrix Alb of all coefficients
aj and solutions bi

fo
1 2 1 1 1000 5

A 0 A 1 4

o n 2
with the

10
1 00 by

goal o o 1 0 5to 23 n 7 O O O by
T IFleft side of right side

equations ofequations

with I the identity matrix all entries zero
except for ones along the diagonal

The system Ix D corresponds to

If so x 5 Etz 55
3 3 and 4 5
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4
5

I 4

First step forexample many options reorder rows

1 A O d 2I

0 2 3 A 7

RARA R2 A 0 A 1 4

row 2 root
1 2 1 1onto roar

RZ RZ R3
O 1 1 4

00 1 1 5Ra 2rz R4

R R R 1 0 02 9
Re R R

lo g g p ifRy R3 RY
o o o o doesnot contain additional

information i.e 0 0



This corresponds to
x 2x g
Xz t xy 11 are leading

3 y s

s

variables

and for Xy
O O i.e freevariable

We have only 3 equations left that contain
information but still have 4 unknowns

So we can choose x as we like e.g xy O

w fo's is a solution to Ax b

However it is not unique as xy is free For

different choice of xy we get another solution

So we have to find a vector u sit Av O to

find all solutions of the form x w Xu Tek

Last columnof of the A part of gives us that
vector by setting xy to be a free parametert

x t



x t 2 t 0 setting Xy E A

z t t O
t o I

Xy t O

This corresponds to that last column where zero

entry is replaced by n

1 0 0 2 9
0 1 0 a n

1 if

I replacing thisby

This solves A v O so we get in total

x Is txt a line in 4D space

This equation of the line is not unique other solutions
are possible but correspond to the same line

The process of using row operations to find
a solution to A x b is called Gaussian
elimination
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