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1Functions

1 3 LimitsandContinuity

Topic 13ADefinitionof limitsandLimitLaws

Motivation

a flat Sif hasdomain IRI 0 Isincewecan'tdivideby zero
Saint

Plots

Zit ax

i

Aplotof SI reveals
f't It appearsflatgetsarbitrarilycloseto

X 1 as x getsclosetozero

fix I on IRI o first
It appears fix tendstozeroas x

I
hit getslargerandlarger

Next Makesuch statementspraise



Informaldefinition

Wecall Ler the limit of flat as x approaches to if
fix canbemadearbitrarilycloseto L for x sufficientlycloseto x

Wewrite II flat L or fly I L

Moreformally

Definition

let Xoe lab and f labl l to IR Then im fat L if
t to

Ve o Fs o suchthat
Egtaffygth

or lx al's wehave ifAl c Ice
forall

thereexists

sense x isindomainoffl

fl

T
I

the Sischoosendependingon E

Simpleexample For flak x then fixt t t to or II x to
Heregiven e we can choose S e becausethen if lx x cs e IfH L Ice

If Exo

Moreinterestingexample fat I for X x with x 0

Howto choose8 for given e Seeexercisesessions



Next Thelimitlaws

Proposition

lil Lim IfAltght II fix II girl
Iiit II flight II FH II girl
hiii Guy ft II fix

II girl
if II gal 0

Theselaws canbeeasilyprovedfromthedefinitionabove

Example Gy
s 4 is21121
52 5 6 F Ina Is 211 3 I I

I 411431Can'tapply
Iiiitdirectlybedenominator

becomeszero

Next left andrightlimits

Considerthefollowingexample fix withdomain IRI 03

8 Here limofly doesnotexist bemuseforevery x 0 wehave
l

o tf txt fl d 1 l 111 2 i.e it isnotpossibleto

find L sit IfAl I se te 0 nomatterhowclose

is chosento zero

B t it makes sense todefinelimits fromthe left orright
Lim fix 1 and him fix 1 here
0

É
Toseonlyxso inthee Sdefinitionabove



Definition

lil The limitfromtheright is Ey fAl III f HII fly
limitfromabove

Iiit The limitfromthe left is
YingfAt im fat fig fit

Tiftonbelow

Note Limexists if andonly if both left andrightsided limitsexistandcoincide


