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1Functions

1 3 LimitsandContinuity

Topic 13B Asymptotesand LimitsoftheExponentialFunction

Asymptotes cancapturethebehaviorof functions forverylarge x e.g I tendsto zero
for largerandlargerX

Definition

Wewrite Imy fit L if fig f I L
Ttoinfinity

II fat L if Gim fl fl L

andcall theline y L ahorizontal asymptote

Example Guy I tiny Yyy 0 i.e y 0 isthe
horizontal asymptotefor gs

y
I 50 AlsoEm 1 0

More examples in exercisesessions



fa tion Onecannotjust sbsitte x n into an expression Thefollowingthreelimits9
arealldifferent Guy Iim 1 1 e.g 1 1 isnotavalidexpression

I L 1 0

Guy Guy x doesnotexistbecause x growswithout
bounds

Next Captre behaviorsuchas Imo I

Definition
decreases txtxd

If fixl increases withoutbounds as x exo wewrite II flat n andsaythat f has

a vertical asymptote xx

Still wesaythatherethelimitdoesnotexist
Wecannotcompete i.e doalgebraicmanipulations
with A

Examples

I I o

IF

f

Is In no I'm In n

a verticalasymptotex 1
Herewewold thuswrite fig lean D



Next limits involvingtheexponentialfunction

QuestionWhat is Guyx et Im Ex Both x ande tendto is

Weclaimthat In e Kuen holds 1 1

Thiswoldimply Osten Gentius E himIn 0 bythesqueezeland

i e E 11

For xen insteadofnew onecaneasilymodify theargument Iroundingtonearestinteger

Westillneedtoprove at Weprovethisbythemethod of induction

ProofMethodInduction

Weaimat
proving

a claimfor allnaturalnumbers na n E W

Step 1 Showthattheclaimholdsfor n no IUsuallyeasysinceusuallyno 0 or 1 I

Step2 Weassumetheclaimholdsforsome newandthenprovethat itholdsfor at 1

Bystep 1 theclaimholds forno bystep2 it holdsfornot1 bystep2again it holds

for not2 andso on Claimholdsforall n zno

Ourexample Claim InE

Step 1 n 1 Is holds

Step2 Assume In e tfl holds 1

Then In eat c Is at
b

EK
In

Claimholds



Note From In 0 one can easilyshowthe followingmoregeneralandvery
important usaft statement

Im I 0 for every a 0 i.e exgrowsfasterthananypowerof x

Theinverseres it is

Im If 0 foreverya O i.e luxgrowsslowerthananypowerof x

NoteThelattercanbewritten as Gmox'Lux O Ka 0


