Calculus and Linear Algebra I Week 1 Exercises

Week 1: PreFunctions

1.
| MULTI | [LO point] [0 penalty] [Single] Shuffle
Find the (complex) roots of the polynomial
p(z) =2 +4x+13
(a) z1 = —2—3i, 1o = —2 + 3i (100%)
(c) oy :—1—2—|—3z Ty = +2—3@'
(d) z1 = +3 —2i, xo = +3 4+ 2i
Quadratic formula:
—4++/42—-4-13 —4+4++-36 .
T192 = = =-2+3%
’ 2 2
2.
”m” [ 1.0 point] [0 penalty] [Single] Shuffle
Let p(x) be a polynomial of degree n with arbitrary complex coefficients. Which of
the following is true?
(a) p(z) has exactly n roots (considering multiplicities) (100%)
(b) If z is a root, then its complex conjugate is z* is also a root
(c) If p(x) = c(z — aq)(x — az)...(x — ) with oy, ...,a,, € R, then the roots of
p(z) can be real and also imaginary.
(d) p(x) can have no roots
Consider the fundamental theorem of algebra: “Any polynomial of degree n with
complex coefficients is the product of n linear factors.” (These factors being the
roots.) And roots come in complex conjugate pairs as proven in class.
3.

| MULTT | [ 1.0 point ] [O pcnalty] [Singlc] Shuffle

Find all the values of the parameter A for which the equation

202 —Ar+A=0

has no real solutions.
(a) A€ (0,8) (100%)
(b) A€ (—00,0)U(8,00)
(c) A€ {0, 8}

(d) Ae(=8,0)
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Check the discriminant: A = * —4-2- X = \(A—8)
e« A=0 for \=0 or A\ =28 (1 real solution)
e A>0 for \>8 or A <0 (2 real solutions)
e A <O for A € (0,8) (pair of complez-conjugate roots)

4.
” MULTI H [1.0 point] [0 penalty] [Multiple] Shuffle
The number 5.2137 is:
(a) a rational number (50%)
(b) a natural number (—50%)
(c) an integer (—50%)
(d) a real number (50%)
37
Let x =0.3737... — 992 =100x — 2 =37.37... —0.37... =37 — x = 99
Now note that: 5 ) 1 37 £90
52137=5+02+0.01400037T=5+—+ —+ —— =5——
+0.2t + + 10 * 100 + 100 99 2475
which is indeed a fraction.
5.
|| [llO point] [O penalty] [Single] Shuffle
Assilming that z = a + b is a complex number, compute real and imaginary part
of ?
1 a? —v? 1 —2ab
(a) Re (;) = —(a2 n b2)2’Im (;) = CETOE (100%)
1 a® + b2 1 —2ab
b) Re|l=|=————=Im| = | =
(b) e(z2) (a2 + b2)2 m<22) (a2 + b?)2
1 a? — b? 1 2ab
© Re(5) = e () = ey
1 a® + b? 1 2ab
d) Re| = | = Im(— )=
(d) Re (22) @+ 022 <z2> (a? + b2)?
1 1 a® — 2abi — b* a’ — b? b (—2ab)
L - = i
22 a?+2abi — > (a®+2abi — b?)(a® — 2abi — %) (a2 +b0?)2 (a®+b?)?
6.

| MULTI | [LO point] [0 penalty] [Single] Shuffle
Consider v, w € C. Which of the following is NOT true?

(a) v ! = W (with |v]| := Vv -v*) (100%)

B *)71
|v]?
(b) v w* = (v-w)*
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(d) (v)" 4+ (w)" = (™ +w"™)* for m,n € N

|| [LO point] [0 penalty] [Single] Shuffle

Let p(z) be a polynomial of degree n with real coefficients. Which of the following
is true?

a) If z is a root, then its complex conjugate is z* is also a root (100%)
b) p(z) has n distinct real roots

c) If p(x) is odd, it can have no roots

d) p(z) can have less than n complex roots

It can be easily verified that p(z*) = (p(z))* if the coefficients are real (using the
identities from exercise (6)).
Then p(z) =0 = (p(2))" =0 = p(z*) =0,

8.
L] (Lopoint] [0 penany)  [singie] (Stume]
Compute ;i—z
1+ 2
(@) |5 = /= (100%)
1+ 2
(b) 2: R
1+i| 2
© 22 5
1+i| 2
(@) 2: "~ 3
‘1+2’2:(1+i)(1—i):1+1:g ‘1—1—2’_ 2
2—i|  (2—-0)2+4) 4+1 5 |2—i 5
9.

”m” [ 1.0 point] [0 pcnalty] [Singlc] Shuffle
Which of the following is equal to Vi?

141

V2

(100%)

/N
o o
~— ~—

1
(c) i
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1—1

?

2 2 V2

(1+¢)2_12+2¢+¢2_1+2z'—1_2, L oLt

10.
| MULTI | [LO point] [0 penalty] [Single] Shuffle

Which of the following does not describe the rational numbers Q7?7

(a) Q:{%\n,meN} (100%)
(b) Q:{%\n,meZaHdm#O}
:{%|n,m€N}U{%|n,mEN}U{O}

:{ﬁ\nGZandmeN}
m

—~
o

) Q
(d) Q

‘ This set would only describe the positive rational numbers.

Total of marks: 10




