Calculus and Linear Algebra I Week 7 Exercises

Week 7: Extreme Values, Integration

1.
| MULTI | [LO point] [0 penalty] [Single] Shuffle
1
What are the maxima and minima of the function f(z) = §[E3 - §x2 + 10z + 37
(a) At x = 2 there is a maximum, at x = 5 a minimum. (100%)
(b) At z = 2 there is a minimum, at z = 5 a maximum.
(¢) There are no maxima or minima.
(d) At z = 3 there is a minimum, at = 1 a maximum.
The derivative is f'(v) = 2> — 7w +10 = (v — 2)(z — 5), i.e., its zeros are at x = 2
and x = 5. The second derivative is f"(x) = 2x — 7. Thus, f"(2) = -3 <0, i.e., at
x = 2 there is a mazimum, and f"(5) =3 >0, i.e., at x = 5 there is a minimum.
2.
” MULTI H [1.0 point] [0 penalty] [Single] Shuffle
2
For which interval is f(r) = ——— positive?
7T JR—
(a) x € (—m,m) (100%)
(b) x € (—00,0)
(c) z € (—=m,0)U (7, 00)
(d) @ € (—o0, —m) U (m, 00)
f has a root at x = 0, and asymptotes at x = +m. Since [ is continuous every-
where but at the asymptotes, we only need to examine the regions separated by the
asymptotes and the root. By inspection, we can see f > 0 for x € (—m, ).
3.

| MULTI | [LO point] [0 penalty] [Single] Shuffle

For which values of z does f(z) = —In(x) + /= have maxima or minima?

a) =4 is a minimum (100%)
b) x =2 is a maximum
)
)
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We have:

1
Assuming x # 0 for - to be defined and x > 0 for \/x:

1 1
f’(x):O:>—:§x_%:>\/E:2:>$:4
x
The second derivative is
1 1 1 1
f'@)=—=—-27%= f'4) = — — — > 0= il is a minima

16 32

2 A4

” MULTI H [ 1.0 point] [0 penalty] [Single] Shuffle

For which value of x does f(z) = 2¢”% have a point of inflection?

(a) = (100%)
(b) ==
(c) ==
(d) There is no point of inflection
e 4 6—4/:(:
fx) = 27" 'ﬁIS 22
() = e 4 e (Loy®) = 32 % 16e
T
Assuming x # 0:
32e" = 16e = 3
fa)=0= c—0 16 = 2 =2
x x x

” MULTI H [ 1.0 point] [0 penalty] [Single] Shuffle

Evaluate /de. (Hint: substitute z)
x x

1

T
_ gin— 1

(a) 7Tsmx+C(OO%)

(b) ——sinmx + C
1"

(c) =sin—+C
T

(d) sin;%—C
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2

/Cos(ﬂ/x) .

T
dx du
Using substitution: u = T du=—Sdr = = = -
x 2 T2 T
1 1 1 T
= ——/Cosudu:——sinu+C’: ——sgin—+C
T T T x

| MULTI | [1.0 point] [0 penalty] [Single] Shuffle

1
Compute /—
P V9 — 22

sin™ (g) +C (100%)
os™ 1 <§> +C

dz. Hint: How about a substitution involving the sine?

(@)

A good substitution is x = 3sinu. Then dz = 3cosudu. Then

3cos(u) du = / 3 cos(u) du

3cosu

/\/ﬁdx:/\ﬂ)—é—nu)

:/ldu:u+C’.

Substituting back yields the result.

” MULTI H [ 1.0 point] [0 penalty] [Single] Shuffle

Evaluate / sin(x) In(cos x) dx (Hint: use integration by parts)

(a) cosz(l —Incosx)+ C (100%)
(b) cosz(l —Incosx)

(c) cosz(l+ Incosz)
d) ( )

(

cosz(l +Incosz)+ C

—sinx

dx =

COS T

/ sin(z) In(cos ) dz = — cos z1n (cos z) — / (= cos )

= —coszln(cosx) — /sinxdx =cosz(l —Incosz) + C

| MULTT | [ 1.0 point ] [O pcnalty] [Singlc] Shuffle

Compute /x”e”dx for n € N.
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n

(a) Z(—D’“Z:fnk)!) e (100%)

ZO nlan*
(b) ; n k)‘) e”

(d) Xn: k! x"_k> e”
k=0

Using integration by parts:

/x”e”” = z"e” — /nm”_le”” = 2" — na"le” + /n(n — 12" %" = ... =
a nlzn*
-1 k x
<Z< ) (n—k)!) ¢

k=0

” MULTI H [1.0 point] [0 penalty] [Single] Shuffle
Evaluate / sec’(x) tan(z)dz.

- o4 1
Hint: Try first computing 33 56C % (sec(x) = cos(x))
2
(a) SeCQ(x) +C (100%)
L9
(b) sin® () o
(© 1 —t;m(x) L C
(@ cos(s;n(x)) LC
ood o, d 11 _osin(@) 1
First: e e = o)~ cost(a) (—2) sin(z) cos(z) = 2COS(:B) ()

2 tan(zr) sec?(z).
1 1
Thus, we find /secQ(x) tan(z)dz = 5/ (— sec? x) dor = 3 sec’z + C.

10.
” MULTI H [ 1.0 point ] [ 0 penalty] [ Single ] Shuffle

1
Given [, = / (a — bx*)", find a relationship between I,, and I,,_;.
0

3n
I = I (1
(a) I, i1 1 (100%)
b) I=—""1,,

3n—1
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0 = () o

n
d) I, = I3

We can separate the integral as:

/01(1—x3)nd33 = /1(1—$3)(1—x3)”_1dx = /01<1_x3)n_1d95_/0155'352(1—933)”_1dg:

0
Using integration by parts:

x 1 ' 1
~ 1, —1—3”}—/—1—3%1:1”_——1”
1+[3n( =) 0 0 3n( v)'de ' 3n

3n

= In—l
3n+1

=1,

Total of marks: 10



