



































































































































Session15Stochastic MethodsLab JacobsUniversityBremen Fall 2022
0 it27,2022

Prof Dr SoevenPetrat

Lasttime We considered X W10,11 and X I Xi with Xi iid
This implied Xi W 0 F F W10,11

With h It wehave Xi r FEW10,11

This motivatesthefollowingdefinition

a pforfixedt
Wittis arandomvariable

Def A stochasticprocess t Wit for t O iscalled BrownianMotionIBM

or Wienerprocess if

a W101 0 convention

b eachrealization is continuous

c for any Oes csc ct ct theincrements

wifel with and wise Wise are independent

d Wit l wit l is distributedaccordingto fat Mio11 for all Oct it

Note one can indeed show thatsuch a process exists andis unique

MMMM
onerealizationMorepictures inpythonnexttime

tMunthwaither
realization






































































































































Is that a goodmodelforstockprices

No BM can becomenegative

o parameterssimilarto u
ando incalibratedbinomialtreearemissing

stocks seem to growexponentially on average

Solution betterstockpricemodel

Weuse GeometricBrownianMotion GBM SA Slo elm Elt town

It turnsout see HWsheet6 that thecalibratedbinomial treemodelconverges
for u n indeed toGBM

A fewnotes on python implementationof BM

B M Wo O

W TAI samplefromMIO11

We W TAI samplefromW10,1
r r

inpython dW normal10 1 size ul FAI vector

We cum sum dw vector
containingentriesof cumulative sun

dWto
dwTo t dwid

dw t awin p






































































































































W EW laddo at timeO

Grab appends nowvectorbtovector a
a lao a i an bilbobe ibe r Taib aoan aybobit ibet

ensembleofBMS

dW normalto 1 size I If
timesteps

of Samples

We cumsumIdw axis 1
cumulative sun overnowentries axis 0

wouldbecolumns

addzerovector

Note similarly one can use ieg mean W axis 0
meanoversamples

I transposetoplotrows

WE10 selects 10samplepaths plot It wt lo T

seed k ksomenumberI givesyou thesame samples samerandomnumbers






































































































































32Stochasticlutegrats

later want PDEwithrandomness stochasticpartialdifferentialequation SPDE
partialdiffhtialequation

tomodelstockmarket dX f It g
dW WBrownian motion

Inordertomakesenseofsuchan equation weneedtoknowhowto
define SgdW Ibe If doesnotmakesense BM is notdifferentiable

RecallRiemann sun for Riemann integral

T

faldt himÉ fi tiIAti

it
to
t t t tat
Ift ie ti I

There are twokindsof stochasticintegrals Ito and Stratonovich

Ito integral

Defined analogously toRiemann sum
randomvariable distributed like

fetidwith L É ftp.tAW withTwi Wait l Witi TEEM1911
evaluate fat beginning Ft N10 1
ofinterval



StratonovichIntegral

ng

fltlodwit Ii If flt AW with ft tigtti
Enotationtodifferentiateit from


