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4Black Scholes EquationandFiniteDifference Schemes

41DenvationoftheBlackScholesEquationn

Weassumethat thestochasticprocessforstockprize development is geometricBrownianmotion
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Stocksbehave likeregular cashflows bonds ndt butwithrisk foodwtem

Recall FromIto'slemmawefound that SH Soelm Elt to
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Now Optionprice C is a functionof SCHand t so C C Sittit Cattle

Recall Ito'slemma If Xlt issol to dt fattydw andFlatt H then
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So in our case fins g os
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Merton's trick consider a portfolioofvalue17 thateliminatesrisk
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To eliminaterisk we need A a

With thatchoice we have
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Now thereis no randomnessin d17 anymore so 17 hastogrowwithrisklessrate r

MIA Migert or die Mr dt a C S r dt

Otherwise therewouldbe thepossibilityof risk freeprofit

Settingbothexpressionford17equalyields



If to's tr s f r e

This is the Black ScholesCMerton equation

Remarks

This is apartialdifferentialequation PDE firstorderintime secondorderin S

Weknow the initialcondition CIS t T payoff e.g forEuropean
callswehave

C S T max S K ol K strikeprice I expiration

wewant to solvefor C S t 0

BlackScholes ey is a
backward drift diffusion equation

is a diffusion tem f a drift term

Wehavetheboundarycondition C 5 0 t 0 forall te fo it

by a changeofvariables theey can betransformedinto

I 8 10 0hall theheat equation

optionprice Cls01 at time to depends on theparameters r G K T but

not on M Analogous tobintreemodel whereoptionprice is independentofstock

marketprobabilities


