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last time For fec we write

ftpIt ft Im
NoteTaylorpolynomialsareunique Letfbe n timesdifferentiableand c e I If Q is a polynomial

ofdegree en with fAl Qu o lx c as x c thenPunch QH

We can useanymethod to find a polynomialQ ofdegreeen with

flakQutolex c I then QH is always theTaylorpolynomial
Usefule.gforproductsor compositionsoffat s seeHW1 Problem3

So far wehavenotmadetheremainderRn 11 veryexplicitBut usingthefundamental
thin of calculus we can write

f x f let flitted int.bypartswith t x asantiderivativeof 1 w r t.tl

n fHdt I

IffÉ I
H H f Aldt

fix f la f'd x c E x Elf Aldt

I
checkthenextorderor do aproofbyinduction

RepeatingthisyieldsTaylor's them

let f e c I I labl c e I If xe I then

Run x f t t
f t dt integralform ofremainder

c u



This can beusedfor rigorousremainder estimatese.g

If additionally thereis a C o s t If x E C Kx e I then

Rhic x e
H c

t

Intel

NoteThereare alsotheCauchyandLagrange formsof theremainder

recallthemor see HWAProblem2 fortheLagrangeform

Next natural question

Does Pur x f x as n n around X c Andin whichsense

Needtostudysequencesseriesoffunctionsanduniformconvergence

1 2 Sequences of Functions

let full new be a sequenceof functions fu D IR DCR

Anobviousnotionof convergence is
fu converges to f D IR pointwise full fix forall x ED

Things
we want toknow

If all fu arecontinuous is f also continuous
Is himSfultldx Stigfull dx Sfaldt
Is him fi lxl f ly



For affirmativeanswers thenotionof pointwiseconvergence is tooweak

Examples
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full X X E10,1

Each fu is continuous but Ggfun
for te Toi11I for a p

is notcontinuous
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fun a IIE
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checkthecomputation

Here If.ltdx 1 forall new buttiny full 0 forall xe 0,21

So hi I fulldx fieldx

fu x I sinlux

Here fu x 70 fix but fu x costux doesnothave alimit Fx as u n

Key concept to achievenicer convergenceresults uniform convergence

Recall fu conv pointwiseto f means

Forall x wehave Ke O F NeN s t Fu N If u lil fix c e



Definition

fu with fu D R Dad converges
uniformly to f D IR if

He O F NEN s t Ens Nand AxeD If u lil fall c e

TF
t is a t

Graphically

around f Ifor a largeenough

Thenindeed wehave the followingresult

Theorem

let ffulnenbe a sequence of functionswith fu D R DCIR and f D R Then

a If f f uniformly and all fu are continuous then f is continuous

b If fu f uniformly D ab forsomeactsandall fu areRiemannintegrable then

f is Riemann integrableand hisIfn If
camoutinuously

differentiable

c If D Taib for someacbandall fu are g D IR and fu f pointwise

fu g uniformly then g
is continuous and f is c with f lg


